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A method ,o use dynamics technology within the structural
synthesis framework is presented. The object being the weight
E	
minimization of linear planar discrete structures consisting of
straight one dimensional members. The restrictions imposed upon
the dynamic behavior involve limitations on dynamic displacements,
stresses, and the range in which the natural frequencies of the
structure are allowed to fall. The dynamic response is assumed
to be linear, undamped and the result of known externally applied
exciting forces at the joints or the support point displacements.
The shock spectral approach is used with the modal superposition
method to obtain a conservative estimate of the response quanti-
ties (dynamic displacements and stresses) for the multi-degree-of-
freedom systems. The eigensolution is obtained by mi0 mizing the
Rayleigh quotient employing the conjugate qradient method. This
approach extends the important computer storage advantages of the
conjugate gradient method by eliminating the need for assembled
stiffness and mass matrices of the structure. The method of
ii
feasible directions has been used to optimize the weight. This
necessitated use of information regarding the dependence of the
behavior quantities upon the design variables. These relations
have been obtained in closed form, thus providing the normals to
the constraint surfaces in the design space. Several applications
are presented which demonstrate the feasibility for automated
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The importance of dynamic response in current structural
problems has prompted an increased attention towards the synthesis
(automated optimum design) of structures for which the dynamic
response will be a controlling criterion. The present work
demonstrates the feasibility of using a dynamics technology within
the structural synthesis framework. The restrictions imposed on
the dynamic behavior involve limitations on dynamic displacements,
stresses, and the range in which the natural frequencies of the
structure will be allowed to fall.
As a first phase, the automated minimum weight design of the
general planar truss-frame system has been attempted. The
dynamic response is assumed to be linear, undamped and the result
of known externally applied exciting forces at the joints or
support point displacements.
The structural design problems that arise within several of
the more common design philosophies take the form of mathematical
programming problems. The design criterion used in the present
work is described in Chapter 1 and the problem of minimum weight
design of general planar truss-frame system has been cast as a
mathematical programming problem.
The modeling of the structure is the topic of Chapter 2,
where it is shown that a general planar beam element should be
used to model the planar truss-frame structure for the discrete
2element dynamic analysis.
Usually a dynamic analysis is considered solved if the time
response of the system is obtained. However, in most cases, only
certain aspects of the response history are significant to the
design problem. For example, certain maxima of the response
quantities may be of interest for the design processes. Moreover,
in a systematic method of synthesis the judgements regarding the
quantitative maxima of the response quantities are to be formalized
into explicit decisions. These are described in Chapter 3 to
obtain the upper bound displacement and stresses occuring on the
structure due to any deterministic forcing function.
A minimization method is described in Chapter 4 to obtain the
natural modes of vibration of the structure and their associated
natural frequencies. This is an iterative method which can be 	 f
applied directly to a general eigenproblem arising in structural
dynamics without any preliminary modification to formulate it to
a special form. Frequently, in applying the discrete element
analysis to the study of the vibration characteristics of a
structure, the order of the stiffness and mass matrices is so
high that it is impractical or prohibitively expensive to obtain
the complete eigensolution. On the other hand, to carry out a
reasonably accurate dynamic analysis of the structure, it is often
possible to get along with only a partial eigensolution. It is
this class of problems for which the method described in Chapter 4
is especially useful.
3To accomplish synthesis we must ultimately utilize the infor-
mation regarding the dependence of the behavior quantities upon
the design %1 _,riables. Thus, useful information is contained in
the quantities representing the rates of change of eigenvalue
(square of the natural frequency) and the eigenvector (natural
mode of vibration) with respect to the design parameters. Exact
expressions for these quantities are derived in Chapter 5.
In the computer design methods (for example, the method of
feasible directions), there is a fundamental requirement for in-
formation relating chan ges in the dynamic response quantities to
changes in the design variables, in order to satisfy continuously
in the design space the limitations on the upper bound displace-
ment and upper bound stress at any point on the structure. In
Chapter 6, the expressions for the rates of change of the upper
bound response quantities (displacements and stresses) with respect
to design parameters are derived.
Chapter 7 deals with the optimization technique. Reasons for
using the method of feasible directions are discussed in this
chapter and the method has been described in some detail. Chapter
8 extends the application of the analysis to the automated optimum
design of the general planar truss-frame structures. Results for
the numeri,al exainple^; are given in Chapter 8.
As is often true with efforts of this kind, certain difficul-
ties inherent to the subject matter were encountered and are dis-
cussed in Chapter 9. The need for rapid reanalysis of modified
I	 4
trial designs has been recognized to design complex structures
satisfying dynamic response restrictions under the structural
synthesis framework. A method is indicated in this chapter to
approximate the eigenvalue analysis of new designs. This chapter
concludes with the recommendations for further research intended
to extend the scope of structural synthesis under dynamic response
restrictions.
Use of illustrate examples has been made to elucidate the
ideas wherever necessary. All equations, figures and tables are
numbered consecutively in each chapter [that is, Eq. (4.40) refers




FORMULATION OF THE OPTIMIZATION PROBLEM
When a means for predicting the behavior of any design within
a particular &.Aign concept is available, limitations on the
performance and other external constraints on the design can be
stated, and an acceptance criterion can be established, it is
possible to cast the design modification problem in the form of a
mathematical programming problem.
A mathematical programming problem is one in which a multi-
variable function f(D) , where D is a n dimensional vector
consisting of di , j = 1,2,...,n	 is minimized (or maximized)
subject to given constraints g i (X) {<, _, ^}b i , i = 1,2,...,
m < n where b i are known constants. There are usually inequality
constraints on some or all of d  . The function f(D) is called
the objective function and its choice is governed by the nature of
the problem.
?ti this chilpter, the design criteria used in the present work
are described. The reasons for choosing the weight as the objective
function has been discussed and the problem of minimum weight
design of the truss-frame structure has been cast as a mathe-
matical programming problem.
1.2 Design Criteria
Characterization of a design philosophy involves many
5
6t
considerations.' In the present work, the problem of aesigning
the planar truss-frame system has been considered to be deter-
ministic as against probability based. In other words, all thu 	 r
quantities involved in the analysis and the design of the struc-
tural system are considered to be deterministic. The adequate
performance of the structural system has been sought by trying
to avoid failure modes such as initial yielding and excessive
deflection, and by striving to limit the first fea natural fre-
quencies of the structure to be within a specified range. The
dynamic response is assumed to be linear, undamjed, and the
result of known externally applied exciting forces at the joints
or the support point displacements.
The quantifiable portior of the analysis is based on the
design criterion and a,-co-. Ling?y she infn?^m p ;ter, , • egarding the
ra*±raj frequencies of the structure and the upper bound on
displacements and stresses at any point on the structure due
to the given dynamic loading will be made available in sub-Ae-
quent chapters for use within the structural optimization pro-
cedure.
1.3 Acceptance Criterion or Objective Function
The nature of the structt , ral design problem is such that
there will usually be many designs that perform the specified
functional purposes adequately. A basis for choice between alter-
nate acceptable designs should be selected in order to cast
7a structural design problem as a mathematical programming problem.
The objective of structural design optimization is frequently
taken to be the weight minimization. In addition to being
readily quantifiable, weight is often the most important property
in aerospace structural design applications. Structural weight
saved can be converted directly into increased payload. The
minimum weight of the truss-frame structure has been, therefore,
considered as the objective.
1.4 Optimization Problem
The design criteria and the objective function being known,
the structural optimization problem for the truss-frame structure
can be cast as a mathematical programming problem if we decide the
3	
shape of members and the design parameters. It is decided to use
the tubular members of uniform cross section. This choice is the
simplest and exhibits characteristics similar to those of other
special shapes used in practical problems. In order to further
simplify the problems, we will take only the mean diameters of
the tubular members as design variables and keep the wall thick-
ness constant. The choice of mean diameter of the members as
design variables is based on the fact that it is the important
parameter which governs both the area of cross section of the
member and its moment of iner4Aa.
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 ) < ON)
ai d)	< a i	< ai u)	i - 1,...,P
	 (1.3)
d(L) < d
i 	d(u) j = 1,...,m
	 (1.4)
J	 — J — J
and
where
W	 represents the weight of the structure
D	 is the vector of design variables
di , j = 1,...,m is the mean diameter of the tubular
member j of the truss-frame structure
tj
	is the wall thickness of the j th member
Pj	 is the weight density of the j th member
k
J	
is the length of the j th member
Y(6,X,01 represents the displacement at any point on the
4
structure as a function of space variables X
and time t
Y (u)	 is the upper limit on the displacement
9la(D,X 1 01	 represents the stress at any point on the
structure as a function of space variables
X and time t
aku)	 is the upper limit on the stress, taken to
be the yield point of the material. (In
the present work, the material has been
considered to have the same yield stress
in tension as well as in compression)
a i
	represents the ith eigenvalue of the
structure (eigenvalues are the square of
natural frequencies)
a u)	 is the upper limit on the i th eigenvalue
X
I
^Q	 is the lower limit on the i th eigenvalue
The behavior quantities Y , Q , and X  are dependent on
the design variables and these constraint equations, Eqs. (1.2)
and (1.3) are called "behavior constraints". The "side constraints",
Egs.(1.4), impose the limits on the size of the design variables.
The objective function, Eq. (1.1), is a linear function of the
design variables. Side constraints, Eqs. (1.4), are also linear
inequalities. However, the behavior constraints, Eqs. (1.2) and
(1.3) are, in general, nonlinear and hence the mathematical pro-
gramming problem formulated atove is a non-linear programming
problem. When the mean diameter of each tubular member is selected
to be a design variable, then the design vector D consists of m
components di 2 j = 1,...,m . Consider, for example, the simple
10
planar structure of Fig. 1.1 consisting of five tubular members.
If the mean diameter of all the members are allowed to change








 to d 5 are respectively the mean diameter of members
1 to 5 marked on Fig. 1.1.
However, it is quite likely that several members of the
structure are desired to be of the same diameter continuously in
the design space. This imposes additional constraints on the
optimization problem and can be handled rather easily as described
below:
Consider that the structure of Fig. 1.1 is required to
satisfy the condition
d = d1	 3
and
d4 = d5
Therefore, the optimization problem has only three design
11
variables. Let these be designated as 8 1
 , d2 , and 6 3 . Then






dl = d l = d3
d 2 = d2
and
d3 = d4 = d5
We write for each design variable a horizontal array of
numbers corresponding to the diameter of the members it governs
as given below:




Logical operations through the above tableau, henceforth
called as Design Variable Correlation Table, enables us to obtain
the design variable vector from the diameter of the members and
vice versa.
When the number of design variables are less than the number
of members, the side constraint inequalities, Eqs. (1.4), modify
to
6^ 0 < d^	 6^u) . J = 1,...,r < m
The upper bound on the design variables is governed by the
overall dimensions of the structure, while the lower bound on the
design variable is governed by the wall thickness so that the
structure is comprised of thin-wall tubes.
The involvement of time parameter in the behavior variables
Y and Q , Eqs. (1.2), adds another dimension of difficulty to
the design problem. Not only must the solution of a system of
differential equations be obtained but since the behavior so
determined will be a function of time, all limitations imposed
on it must be satisfied continuously in time. In order to obtain
a solution to the optimization problem through the commonly known
algorithms of mathematical programming, the time parameter will
be eliminated in the present work by estimating an upper bound to
the behavior quantities ( dynamic displacements and stresses). Let
us designate I Y MWIX)l as upper bound displacement and I am(D,X)^
as upper bound stress over the entire time period t , t > U ,
then we have behavior constraints as
12







A method to handle the behavior constraint inequalities in
the form of Eqs. (1.2) is briefly indicated in Chapter 9. The







Fig. 1.1 Planar Structure
CHAPTER 2
MODELING OF THE STRUCTURE
A general planar truss-frame structure is idealized as a
system of straight members lying in a plane and interconnected
at joints. The members have their axes of symmetry in the plane
and the translation of the members are in the plane of the
structure. All applied forces (static or dynamic) are assumed
to act in the plane of the structure. The static analysis of
a structure having hinged joints when subjected only to the joint
loads results in axial forces of tension or compression in the
members. However, it is expected that the dynamic analysis of a
similar structure with the dynamic loads at the joints or support
point displacements may result in general in a bending couple, a
shearing force and an axial force in the plane of the structure
at any cross section of its members. A simple study confirms
this surmise and is discussed below:
A planar truss-frame structure consisting of the tubular
members is shown in Fig. (2.1). The discrete element method of
structural analysis is used in the present work. The matrix
formulation of the general structural dynamic response problem
results in the equation
[M]Y + [K]Y = F(t)	 (2.1)
where [M] and [K] are respectively the master mass matrix. and
15
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the master stiffness matrix or the structure and their order n
corresponds to ti,E - I :;tic denreesof freedom of the system. The
vectors, Y , Y , and F(t) represent the absolute displacement,
acceleration and load respectively. A frequent intermediate step





which requires the determination of the scalar quantities a 	
E
(eigenvalues) and the corresponding nontrivial solutions X
(eigenvectors) for the given n x n matrices [K] and [M]
The matrices [K] and [M] are assumed to result from the
discrete element idealization of the actual structure.
The discrete element method of structural analysis consists
of representing a structural system as an assembly of elements,
generating a stiffness and a mass matrix of the element and
assembling the element stiffness and mass matrices to obtain the
[K] and [M] matrices of the structure. It is discussed in
Chapter 4 that the need for the assembled stiffness and mass
matrices of the structure can actually be eliminated, and the
dynamic response problem can be solved by using (1) the element
stiffness and mass matrices, (2) a definite method of eigensolution,
and (3) some computational coding devices. However, for the pur-
poses of this chapter, it is assumed that the solution is obtained 	 ;I
by a conventional approach. The element stiffness and mass matrices




polynomials) and they are arrar:n_ed, for convenience, so that the
undetermined coefficients correspond to the physical degrees of
freedom at certain points (usually the ends) of the element. Thus,
the discrete element analysis may be thoughtof as an assumed mode
analysis in which the assumed modes, instead of having a uniform
definition over the entire structure, have a local definition
for each element producing a sort patchwork assumed mode.
It has been pointed out in Ref. 2 that in selecting the
assumed displacement states on which to base the element stiffness
matrix derivation, it is necessary to require, not only that
displacements satisfy compatiability within the subelement (intra-
element compatibility) but also it be possible to insure overall
compatibility for an assemblage of elements. By using the Hermite
interpolation formula (see Appendix I), it is possible to generate
displacement state having the property that the displacements at
an end depend only on the degrees of freedom at that end. This
facilitates the insuring of interelement compatibility. More-
over, since the displacement state generated by the use of
Hermite interpolation formula is a continuous function, the
intraelement compatibility is also satisfied.
Furthermore, in doing natural frequency studies of structures
using discrete element analysis, it is extremely advantageous to
use mass matrices consistent with the assumed modes of the element.
This point has been well made in Ref. (3) where it is shown that
a consistent mass matrix provides the exact inertial force
18
associated with each assumed degree of freedom rather than some
arbitrary mass lumping. When compatible elements are used in
conjunction with their consistent mass matrices to predict the
natural frequencies of a structure, the frequencies so obtair,,^`!
will always be upper bounds to the lowest frequency. Moreover,
these frequencies are usually quite accurate even with relatively
crude modeling of the structure.
It is for these reasons that element st iffness matrix and
the companion consistent mass matrix for straight elements will
be derived using the assumed modes obtained from the Hermite
interpolation formula. The concept of Hermite polynomials is
well documented in the literature `, 5 , however, for the sake of
completeness, it is described in some detail in Appendix I.
The structure of Fig. 2.1 will be called a "planar truss"
when it is modeled of the "planar truss element", Fig. 2-2, and
will be termed as a "planar frame" only for the purposes of
this chapter when a "general planar beam element", Fig. 2.4, is
used to model it.
2.2 Derivation of element stiffness and mass matrices
(a) Planar Truss Element
A planar truss element is shown in Fig. 2.2 and has
four degrees of freedom. It provides elastic resistance only to
the longitudinal elongation or contraction and obeys the laws of
linear elasticity under deformation. Furthermore, in certain
modes of vibration of the structure, the element undergoes a
19
rigid body motion. 	 Thus, any point on the element in general
undergoes an axial deformation and a displacement normal to the
axis of the element. A geometrically admissible assumed mode
for the planar truss element satisfies: (1) the
imposed displacement boundary conditions, and (2) the displace-
ment continuity within and between adjacent elements which can
be expressed as:
U(x) = u 1 H (0) (x) + u 2 H ( 0) (x)	 (2.3)01
and
W(X) = u 3H(0) (x) + u4 H(0) (x)	 (2.4)01
where u(x) is the displacement function along the axis of the
element, u l and u 2
 are the longitudinal displacements of the
element at its two ends, w(x) is the displacement function
normal to the axis of the element, u 3 and u4
 are the displace-
Rients normal to the axis of the element at its ends, x is
measured along the length of the element and its origin is taken
to be on the left end marked fl" on Fig. 2.2. H., (x) and
Ho0 ) (x) is a pair of Hermite polynomials derived in Appendix I
and if R is the length of the element, these polynomials are
H(0) (x) _ _ x-R
of	 R
(2.5)
H (0) (x)	 x02	 R
20
These are called Lagrange interpolation formulas and are sketched
in Fig. I.1 of Appendix I.
Substituting the expressions of Eq. (2.5) into Eqs. (2.3)
and (2.4) we obtain
U2 - ul
U(X) = u l +	 R	 x	 (2.6)
and
w(x) = u 3 + u4 	 u3 x	 (2.7)
The element stiffness and mass matrices of the planar truss
element are derived from the assumed modes of Eqs. (2.6) and
(2.7).
We want to express the potential energy of the element in
the form
APE) = 2 u 1 [k] u	 (2.8)
where [k] is the stiffness matrix of the element and u is
the generalized displacement vector of the element in the element








The exact potential energy of the element is given by
(E) _ 1
	 ^	 au 2	 1 
JO








where A is the cross sectional area of the element. I is its
moment of inertia and E is the Young's modulus of elasticity
of its material. Taking A and E to be constant and using
the expressions u!x) and w(x) of Eqs. (2.6) and (2.7) we











Integrating the right hand side of Eq. (2.11) we obtain
TT (E) = 1 
AE (ui - 2u 1 u 2
 + u2)
p	 - 2	 R	
(2..Z)















0	 0	 0	 0
0
-	 u	 u	 (2.14)- 2 
	
0	 0	 0	 0
Comparing Eqs. (2.14) and (2.8) we obtain the stiffness matrix of
T ( E) - 1 uT[m]u_ 2 (2.16)






1	 -1	 0	 0
	
-1	 1	 0	 0
	
0	 0	 0	 0
	
0	 0	 0	 0 J
(2.15)
where the value k ij represents the elastic restraining force
acting at the coordinate i associated with a unit displacement
of coordinate j . Thus, this represents the stiffness coupling
between coordinates i and j which explains as to why the last
two columns and the last two rows of the element stiffness matrix,
Eq. (2.15), are zero.
Element mass matrix:
Assuming the generalized displacements u l , u 2 , u 3 , and u4
to be time dependent, we want to express the kinetic energy
of the element in the form















The exact kinetic energy of the element is given
by
	T(E) = 2 
J	
A L(at) 2 + (at) 2 I dx	 (2.18)
r,
Differentiating Eqs. (2.6) and (2.7) we obtain
au	
+ 
u 2 — 
U*1
	
at — u l 	 k	 x
and	 (2.19)





Substituting Eqs. (2.19) into Eq. (2.18) and considering the
cross sectional area of the element to be constant and the
mass per unit length, p , to be distributed uniformly, we
obtain
E	 ^.	 rr 62 — ul	 2	 u4 — U 3 
)
T (
 ) = 2 A f
	
,V	 x + 63 +	 k	 dx
J0
(2.20)
Integrating the right hand side and simplifying the results we
obtain
(E) _ 1	 1 2	 1	 1 2	 1 2	 1	 1 6 2T	 - 2 pAIC 3u + 3
	
1	 u2 u 1 +3	 u2 + 3 u +3 3 u3u4+3 u4
(2.21)
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Writing Eq. (2.21) in the matrix form we obtain
T (E) 
= 2 (U 1 6 U 3 U 4 ) PAx
1/3 1/6 0 0 ul
1/6 1/3 0 0 62
0 0 1/3 1/6 u3
0 0 1/6 1/3 u4
(2.22)
Comparing Eqs. (2.22) and (2.16) we obtain the mass matrix of











	 0	 1/3 1/6
0	 0	 1/6 1/3
where the value mij represents the mass inertia force acting
at the coordinate i associated with the unit acceleration of
coordinate j . This quantity can be referred to as the mass
Coupling between coordinates i and j .
(b) Genera l Planar Beam Element
A general planar beam element is shown in Fig. (2.4) and
has six degrees of freedom. It provides elastic resistance to
the axial elongation or contraction, to the shear force and to
the bending couple at any cross section of the element. Let
u19 ... ,u 6 be the deformations of the element at the degrees of
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freedom defined at its ends. A geometrically admissable dis-
placement fun_±ion for this element is required to satisfy (1)
the imposed d, n 1 acement boundary conditions, (2) the displace-
ment contii ity xi + h i n and between adjacent elements, and (3)
continuous first derivatives of the transverse displacement
within the eleme,zts and on the common ends of adjacent elements.
Such a displacement state can be written as
U(X) = u 1 H (0) (x) +u 2 	 (X)	 (2.24)
and
W(X)	 u s H( l ) ( x ) + u4 H 0 1) ( x ) + u 5H 1 l) (x) + u6H12)(x)
(2.25)
where u!x) represents the axial deformation of the beam element
and is similar to Eq. (2.3). The displacement function w(x),
Eq. (2.25), represents the transverse displacement of the
beam element where the first two terms correspond to the trans-
verse displacement induced by end displacements and the last two
terms represent the transverse displacement due to end rotations.
The set of Hermite polynomials derived in Appendix I and
sketched in Fig. I.2 are




H (0 l ) (x) = 13 (2x 3 - 3QX2 + R)
R
H 02 ) (x) = - 13 (2x 3 - 3,x2)
(2.26)
H(l)(X) =2 ( X 3 - 2QX2 + Z2X)
11
k
H 12 ) (x) = 12 ( X 3 - ZX2)
where Q is the length of the element and x is measured along
the length of the element, origin being on the left end marked
^1 )
 on Fig. (2.4) .
Using the displacement functions, Eqs. (2.24) and (2.25),
and by following a treatment parallel to the one described in
Section 2.2(a) of this chapter, we obtain the stiffness and mass
matrices of the general planar beam element as:
Al 2 -At2 0 0 0 0
0
-Ax, 2At 0 0 0 0
0 0 12I -12I -6Iu, -6IR,E
Ek3beam
R 3 0 0 -12I 12I 6Ix 6It
0 0 -6Ix 6 I 41 A2 2IR2
0 0 -6Iz 6Iz 2IZ2 41 X2
(2.27)
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140 70 0 0 0 0
70 140 0 0 0 0
0 0 156 54 -22R 131
^m^beam	 429
`
0 0 54 156 -13R 22R
0 0 -22x -13R 492 -31J
0 0 13R 22R -3x2 4R2
(2.28)
2.3 Numerical Resu lts:
If each member of the structure, Fig. (2.1) is mcdeled of
one discrete element, the number of degrees of freedom of the
truss, Fig. (2.3), is four and that of the frame, Fig. (2.5), is
fourteen. The method to obtain the master stiffness and mass
matrices of a structure from its element stiffness and mass
matrices is well-documented in the literature6 '
7
' e19 . Having
known the master stiffness and mass matrices, the eigenvalues
(square of the natural frequencies) and the associated eigen-
vectors (natural mode shapes of free vibration) of the truss
and the frame were obtained by solving Eq. (2.2). The eigen-
solution of these simple structures were obtained by the use of
Householder transformation method. The first (lowest) natural
frequency and its corresponding mode shape is given in Table 2.1.
The moment of inertia of the members was increased by increasing
their mean diameter, thus making them stiffer to bending resis-
tance, while their area of cross section was maintained constant
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by proportionately decreasing the wall thickness. With these
stiffer members, the eigensolution of the truss wo,id obviously
remain unaffected but that of the frame would change. The
first (lowest) natural frequency and the corresponding mode
shape of the frame with members four, sixteen and sixty-four
times stiffer in bending than the original structure are also
tabulated in Table 2.1. Interestingly enough, it i3 observed
that the dynamic behavior of the frame approaches to that of
the truss as its membe-s are made stiffer. In other words, the
lowest natural frequency and the corresponding mode shape of the
frame converges to that of the truss, with the components
corresponding to the rotational degrees of freedom of the frame
becoming very small, as the members of the frame are made
stiffer. This is seen from Fi g . 2.6 and Table 2.1.
This observation has lead to the conclusion that in order
to perform the dynamic analysis of a planar truss-frame structure,
it should be modeled using a "general planar beam element" such
as that shown in Fig. 2.4. This modeling would obviously be suit-
able for a similar structure having rigid joints and for any
general dynamic loading on the structure.
Another interesting observation was made regarding the
interaction of the individual member frequency with the overall
frequency of the structure. The long diagonal tubes of the
structure of Fig. 2.1 having a length of 32.32 inches has an
exact natural frequency of 89.0 cycles/sec,for the case o,
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I = 0.0421 in  and considering the tube to be simply supported.
However, for the assumed mode shape to be a parabola, the same
member has a frequency of 98.7 cycles/sec. This figure closely
resembles to the second lowest natural frequency (98.5 cycles/
sec.) of the struct-ire, Fig. 2.5, when all its members have a
moment of inertia of I = 0.0427 in  . This reveals that the
second natural frequency of the structure is predominately the
lowest natural frequency of the long member. Similar observa-
tions were made on other O&me structures whose members had the
moment of inertia of 4I , 16I and 64I , I = 0.0427 in  as
shown in Table 2.2.
The second lowest natural frequency of the frame structure,
as seen from Table 2.2, is slightly lower in each case, than
the natural frequency of the corresponding long member considered
simply supported. Th-is is due to the fact that one end of the
long member is on the elastic support as against being hinged.
2.4 Conclusion
In order to perform the dynamic analysis of a planar truss-
frame structure, it should be modeled using a general planar beam
element such as that in Fig. 2.4, having six degrees-of-freedom.
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Type of Structure Truss Frame
Area of Cross Section A* A A A A
'	 in2
IMorient of Inertia I** I 41 16I 64I
`	 (in')
Lowest Frequency 300 97.5 178	 i 260 290
Cycles/Sec.
inq to Lowest Frequ
Truss	 Frame
6gree  of Freedom	 I	 I	 41	 161	 641
#	 1	 -0.184	 -0.191	 -0.188	 -0.185 -0.184
	
2	 1.0	 1.0	 1.0	 f 1.0	 1.0
	
3	 0.184	 0.191	 0.188	 0.185 i 0.184
	
4	 1.0	 1.0	 1.0	 i 1.0	 1.0
	
5	 -----	 -0.222	 -0.175	 -0.078 -0.043
	
6	 -----	 0.162	 0.116	 ! 0.012-0.023
	
7	 -----	 -0.031	 -0.031	 -0.031 i-0.031
	
8	 -----	 -0.032	 -0.031	 -0.031 -0.031
	
9	 -----	 -0.228	 -0.175	 -0.075 -0.043
	
10	 -----	 0.172	 0.116 f 0.012	 0.023
f	 11	 -----	 -2.518	 -0.485 ^ -0.094 -0.043
	
12	 -----	 2.465	 0.433	 0.037 -0.017
	
13	 -----	 -2.596	 -0.486	 -0.094 -0.043
	
14	 _	 -----	 2.545	 0.433	 0,037 -0.017
Table 2.1
	
	 Lowest 'Frequency and Corresponding Mode Shape
of Truss and Frame.
2
	
*A = nDt - 0.503 in 
	
**I = nDt	 + t`	
= 0.0427 in 
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Lowest Natural Frequency
Second Lowest Natural of the Long Member
N.3ment of Inertia Frequency of the Considered
of Frame Structure Simply Supported




16I 382.0 294.8	 f
641 754.0 785.6
Table 2.2 Comparison of Second Lowest Natural
Frequency of the Frame Structure and
Lowest Natural Frequency of its Long







	t 	 E = 30 x 106 lbs,/in.2
H-H	 o - 0.28 lbgin.3
TYP.	 A = nDt = 0.503 in?
	













Fig. 2.3 Planar Truss; 4 D.O.F.
- f2









Fig. 2.4 3eneral Planar Beam Element











Note: All members are
of same uniform cross-
section.
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Fig 2.6 Lowest Natural Frequency of Planar Truss
(Fig. 2.3) and General Planar Frame (Fig. 2.5).
CHAPTER 3
DYNAMIC ANALYSIS
Tte conventional usage of the term "Dynamic Analysis" refers
to obtaining the time response of a system subject to an external
excitation. However, in most cases only certain aspects of the
response history are significant to the design processes. For
example, only maximum possible displacement and maximum possible
stresses on the structure under externally applied dynamic loads
may be of interest if the design philosophy specifies only limita-
tions on the displacement and stress at any point on the structure.
Furthermore, when the design process is an automated optimum
design procedure, the judgements regarding the quantitative maxima
of the response quantities (displacements and stresses) are to be
formalized explicitly. In this chapter, the term "Dynamic
Analysis" refers to obtaining the explicit expression for an
upper bound of the displacements and the stresses occuring on the
structures during the time history of an externally applied dynamic
load, presuming -hat its "spectrum" is already known. The
spectrum 
10,11 
of a giv , ,. forcing function represents the peak
response quantity of a single-degree-of-freedom oscillator as a
function of the natural frequency of the structure. The subject
of the spectrum will be elaborated later in this chapter.
3.2 Analysis:
Engineering judgements are made to simplify the structure and
36
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to make approximations in order to develop an adequate and compu-
tationally efficient method of analysis. This is a prerequisite
to undertaking a rational design optimization. One such
approximation is to idealize an infinite degree-of-freedom con-
tinuous structure as a finite degree of freedom discretized
system, where the configuration of the structure is described by
a set of generalized coordinates. Performing a discrete element
analysis of the structure, the matrix formulation of the general
dynamic response problem for the undamped structure is
[M]Y + [K]Y = P(t)
	
(3.1)
where the matrices [M] and [K] are respectively the master
mass and the stiffness matrices of the structure and their order,
n , corresponds to the degrees of freedom of the discretized
system. The vectors Y Y	 and P(t) represent the accelera-
tion, the displacement and the generalized forces.
The set of equations, Eqs. (3.1) consist of a set of coupled
second order ordinary differential equations in the generalized
coordinates. These can be uncoupledu 
12 
through "modal matrix"
transformation, which expresses the degrees of freedom in terms
of a different system of coordinates. The form of the uncoupled
equations resemble the equation of motion of a single degree-of-
freedom system. The solution of n independent differentia
equations is relatively easier than a set of n coupled differen-
tial equations and hence the modal transformation is very useful.
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The n x n modal matrix is the matrix of the natural modes
of the structure which are obtained from the study of free-
vibration of the structure. The equations of motion for the
free vibration of the structure are obtained from Eqs. (3.1) by
setti,ig the right hand side as zero vector, i.e.
[M]Y + [ Klti = 0
	
(3.2)
The set of equations (3.2) can be reduced to an eigenproblem
[K]X = a[M]X	 (3.3)
the solution to which gives the scalar quantity a (eigenvalue
representing square of the natural frequency) and its corres-
ponding nontrivial vector X (eigenvector or natural modes). If
the eigenproblem, Eq. (3.3) has distinct eigenvalues, thin the
system will have n distinct
	 aral modes of vibrationls
There are various methods 13 to obtain the eigensolution of
the general eigenproblem given by Eq. (3.3). Another iterative
method developed by the author especially suited for the purposes
of the present work is presented in Chapter 4.
Once the modal matrix is known, the transformation can be
carried out by expressing
Y = [x] 9( t) _	 Xi q i ; t )	 (3.4)
i=1
where the n x n matrix
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CXJ = Cxl,x2,...,xr,]	 (3.5)
i
is the modal matrix whose cDlumns X i , i = 1,...,n represent
the natural modes of the system, and the n x 1 vector, q(t)
represents Oe time dependent generalized coordinates of the
structure.
Substituting Eq. (3.4) into Eq. (3.1) and premultipi,s ing the
result by [X] T
 we obtain
CXJ T [M][X]q	CXJT[ KJ[X]q = [XI F(t)	 (3.6)
The eigenvectors for any two natural modes satisfy a pair of
orthogonality relations viz.,
X^ [M] X^ = 0
and	 i # j	 (3.7)
Xi [K] X^ = 0
Therefore, the coefficient matrices on the left hand side of
Eq. (3.6) reduce to the diagonal matrices, thus,.,providing a
system of uncoupled equations. The ith equation of the un-
coupled system, Eqs. (3 . 6) can be written as
Xi [M] X i g i + Xi [k] X i g i = Xi F(t)
	
(3.8)
Dividing Eq. (3.8) by the scalar quantity Xi [M] Xi and using




R (X i ) == a i	(3.9)
Xi [M] Xi
we obtain i F( t)
q i + a i g i 
= —T
-	 (3.10)
X i [M] Xi
If the eigenvectors are made M-orthonormal, i.e.,
Xi[M]X i = 1	 (3.11)
then we obtain
	
qi +a i g i = Xi F(t)	 (3.12)
The form of Eq. (3.12) is identical to the equation of motion of
a single degree-of-freedom system. Thus, the modal matrix
transformation, Eq. (3.4), makes it possible to represent the
dynamic response of a n-degree-ot-freedom system by the linear
superposition of the dynamic response of n single degree-of-
freedom systems.
Using Eqs. (3.9) to (3.12), the set of Eqs. (3.8) can be
rewritten as
q + tXjq = [X]TF(t)	 (3.13)
where the diagonal matrix raj has on iLLs ith diagonal the
scalar nuantity xi which is given by Eq. (3.9).
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3.3 Dynamic Loading
In actual practice the dynamic loading can be classified as
of three general types: (1) Transient loading, (2) Periodic
loading and (3) Non-periodir loading.
The first occurs for a finite duration. Usually it occurs
only once. However, if it repeats, it is presumed that the
structure had reached the quiesce.. state before the repeated
loading occurred. It, therefore, produces transient motions in
the responding system. The familiar example of this type can
be a blast pulse.
The periodic loading is cyclic in nature and has a definite
time period. Tha res ponding system will be found to vibrate in
a periodic state, if a sufficiently large number of cycles have
occurred. The familiar example of this type of loading is that
caused by vibrating motors mounted on structures.
The third type of loading is random in character and the
information about the forcing function would have to be stated
in probabilistic or statistical terms. The familiar examples
of this kind of loading are the gusts in the atmosphere or the
waves in a confused sea. she problem is stochastic in nature
and is beyond the scope of the present work where only de-
terministic forcing functions are considered.
Tile periodic forcing "unctions can be represented by
Fourier Approximation, the coefficients of the Fourie ►- Series
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can be obtained by numerical integration and the resulting "peak"
response can be easily obtained from the transmissibility curves.
The peak response is defined to mean the maximum displacement
without regard for sign that may occur during the period of
motion.
The information regarding the peak response of a single
degree-of-freedrn system subject to a transient load is contained
in what is commonly known as "Shock Spectrum" which are readily
available for variety or shock pulses in standard textbooks. l"
The increased need to design complex structures subjected to
shock Environments has made the study of shock and structural
response	 an important class of problems in itself. It is for
this reason that the transient loading and its corresponding
shock spectral information has been considered in the present 	
f
work. It may be well to emphasize that the conceptual part cf
the dynamic analysis of a structure subjected to the periodic
forcing function is analogous to the method of obtaining the
shock spectrum of a transient load and hence the fundamental ideas
if the present work will apply equally to transient and periodic
forcing functions.
A unidirectional shock load resulting from the ground
acceleration of a one-half cycle sine pulse as shown in Fig. 3.1
is considered in the present work. The shock spectrum correspon-
ding to this shock pulse will be made available and the numerical







A shock spectrum of a suddenly applied force is the peak
response of a single degree -of-freedom oscill Aur to the force,
stated as a function of the frequency of the oscillator. It can
be mathematically formulated as follows:
Let a single degree-of-freedom mass spring oscillator shown
in Fig. 3.2 be subjected to a ground acceleration ^ g(t) . Let
the spring be linear of stiffness k . Let ^ be the displace-
ment of the mass m relative to the ground. Then, the equation
of motion is
m^ + kE = -m^g(t)	 (3.14)
Denoting
m = w 2 = a	 (3.15)
where W is the natural frequency of the oscillator and A is
the eigenvalue, we obtain from Eq. (3.14)
+ 	 9  = f(t)	 (3.16)
The complete solution to Eq. (3.16) can be written as
t
 j f(n) sin w (t - n) d n	 (3.17)W 0
provided the system is at rest at zero time. The right hand side
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of Eq. (3.17) is Duhamel's integral 10 . The relative displacement
d t,w) , is a function of time variable and the frequency of the
oscillator. Let Fp(w) be the maximum of F(t,w) , then the
peak displacement can be expressed as
(w) = max 1F(t,w)l	 (3.18)
p	 t>0
The shock spectrum of the "shock" due to the ground
acceleration g(t) is defined by Eq. (3.18). It is to be
noted tha-; the shock spectrum gives the peak displacement as a
positive quantity, irrespective of the direction of the force
applied or the sign of F
We can obtain the s^ock spectrum for any other forcing
function a= rectly applied to the mass in a manner similar to the
one described above. However, in such cases, the behavior
quantity of interest would be the absolute displacement.
	
c)
The shock spectral curves representing the variation of
C  versus w can be plotted from Eq. (3.18). Usually the
ordinate,F p
 and the abscissa, w , are respectively normalized
with respect to the characteristic displacement, Fs , and the
frequency, wf , of the forcing function. Such curves repre-
senting the variation of FpA
 A s
 versus w/wf are available in
Ref. 10 for a variety of transient forcing functions. The shock
spectral curve for one-half cycle sine pulse is shown in Chapter 4
of Ref. 10.
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3.5 Peak Response of Multi-Degree-Of-Freedom System
Let eg be the direction in which the ground acceleration





	 (sin e )
where a is the angle the direction vectoreg makes with the
horizontal. The direction of the ground acceleration e  can
be represented as a vector in the generalized coordinates of the
system by the use of a tableau called "SR" table described in
Appendix III and some logical operations. Thus we obtain
i	 SR
ms----- ee	 g
and therefore the vector of generalized forces
a
FM = -[M] a 4 g( t)
From Eq. (3.1) we have, therefore
i
[M]Y + [K]ll = -[M] a sg(t)
i
where Y represents the vector of displacements relative to
ground.
Furthermore, we obtain from Eq. (3.10)
Xi [M] e
q i + a i g i	 - 
-t [M] Xi &g(t)
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If the eigenvectors are made M-orthonormal, i.e.
Xi [M]Xi =l
s
then we obtain from Eq. (3.12)
t
4 i + a i g i = -X i [M] a E9(t)
Denoting
c 	 = Xi [M] a (3.19)
we obtain
qi + a i g i = -ci ^9 M	 ci f(t) (3.20)
Comparing Eqs. (3.16) and (3.20), we obtain the peak response of zr
Eq.
	 ( 3.20) as =°
qip	 =	 max	 Igi(t)I
t>0
=	 Ic i l	 ^ p (w i ) (3.21)
The peak response, qip , for any transient forcing function applied
at the joints can be obtained in a similar manner, if we know the
shock spectral information for that forcing function.
The response of an n-degree-of -freedom system is given by
Eq.	 (3.4)	 as






Expressing the jth component of the response vector, Y(t)
as yj (t) , we have
n
yj(t) m ijl xji q i ( t )	 (3.22)
where xji is the jth component of the ith eigenvector.




	 iIl xji qi ( t )	
(3.23)
The components yjp j = 1,2,...,n are the elements of the peak
response vector Y 	 It may be appropriate to mention here that
a reasonably accurate response analysis of the n-degree-of-freedom
{	 structure can be performed by taking the response of the system as
a linear superposition of only s , (s < n) , modal vectors.
This set of s modal vectors can be any subset of the n
natural modes of the structure. Usually the first s natural modes
1	 from the lowest end of the spectrum are taken for the approximate
{	 analysis, which is based on the surmise that higher modes are noti
excited under the forced vibration of the actual structure. Thus,
one can get away with only the partial eigensolution of the eigen-
problem, Eq. (3.3), in order to perform the approximate analysis;
the approximated peak response, therefore, is obtained from
s
y• = max I	
I
	
I x i q i (t)	 (3.24)
Jp t>0 i=1 j 
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3.6 Upper Bound of the Peak Response
For design problems, one needs to know an estimate of the
enveloping maximum, i.e., the maximum of the peak response which
is to be compared with the limiting values of the system. An
obvious upper bound to the j th component of the peak response
vector, Y  , can be written as
n
yjm L i t 1xji! qip
n
l xj il I c i l 	 E p (wi )	 ( 3.25)
i
where yjm	 j = 1,2,...,n are the elements of the vector Ym
henceforth, referred to as the upper bound displacement vector.
The positive scalar quantity [jc i l &p ( w i )] represents the peak
value of the i th generalized coordinate of the system. Hence-
forth, we will refer to this quantity as the peak modal participa-
tion coefficient.
The expression of Eq. (3.25) is based on the assumption that
all the modal contributions reach a maximum at the same time and
in the same direction. The amount of overestimation of the com-
ponents of upper bound displacement vector varies with the type
of shock and the structure. In many cases where exact solutions
have been compared with the upper bound values, the differences
have seldom exceeded 15%. 14 If only s < n of the eigenvectors
are used for the response analysis, then an approximate estimate






Yam = ill ( xjiI I ci) Cp(W i )	 (3.26)
3.7 The Maximum Stress and its Upper Bound
The stress at any point on a linear elastic structure com-
posed of general planar beam elements is obtained by superposing
the stress due to the axial deformation and the stress due to the
transverse displacement. The maximum stress will be the summation
of the absolute values of the two stresses. Therefore,
aab(x) 
7--
	 10 (A) (x)l + 10 (B) (x)I	 (3.27)
where




represents the axial stress, and
2
a(B) (x) = Eh w	(3.28b)
ax
represents the bending stress. The expressions au/ax and
a 2w/axe
 are obtained by differentiating u(x) and w(x) respectively.
The function u(x) represents the axial deformation given by
Eq. (2.24), and the function w(x) represents the transverse
deformation given by Eq. (2.25). E denotes the Young's Modulus
of Elasticity and h represents the distance of the extreme fiber
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of the beam element from its neutral axis.
Differentiating Eq. (2.24) once and Eq. (2.25) twice with
respect to r. , we obtain
Tx = u l H oOl ) (x) + u2Ho0 ) ( X)au
and
2a2 
= u3H(l)u(x) + u4H(l)n(x) + 
u5H11) n
(x) 
+ u6H M (x)
ax
(3.29)
where	 H (0) (x)	 and	 H (l)) ( x)	 represent the first and the
second derivative of the Hermite polynomials
	
H(0 ) (x)	 and
Hoi ) (x) respectively. These polynomials are derived in Appendix





H (01 (x)(X) = 13 (12x - 6R)
R
H 02 ) (X) _ - 13 (12x - 6R)
R
H (1) (X)- l2 (6x - 4R)
R







H ( 0 )
 (x)
0















then from Eq. (3.29) we obtain
Tau 





^(w) (x) u	 (3.34)
ax








The components of the vector u , u i , i - 1, ... ,6 , correspond
to the deformations at the degrees of freedom 1 to 6 res-
pectively in the local coordinate system of the general plztriar
beam element shown in Fia. 3.4.
Substituting Eqs. (3.33) and (3.34) into Eq. (3.28x) and
(3.28b) we obtain
a(A) (x) - Ei' (u)T(x) u	 (3.36j)
o(B) (x)	 E (w) T (x) uu 	 (3.36b)
The element displacement vector u in its local coordinate
system is obtained from its corresponding vector in the reference




0 m 0 0 0
0 1 A m 0 0
[T]	 _} -m 0 91 0 0 0 (3.31)
0 -m 0 R 0 0
0 0 0 0 1 0
0 0 0 0 0 1
where i = core , m - sin e , and a is the angle shown in
Fig. 3.4. Thus
ui = CT] iV i 	(3.38)
where the components of Vi represent the displacement at the
3	 degrees-of-freedom of the i th element in the reference
coordinate system.
The displacement vector of the i th element in the
reference coordinate system, V i , can be obtained from the
corresponding generalized displacement vector of the system by
a simple logical operation explained in Appendix III. There-
fore,
V i {--^— Y(t)	 (3.39)
4
where Y(t) is the generalized displacement vector in the
reference coordinate system. If we write the operation of
Eq. (3.39) as
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Vi = [SR i iY(t)	 (3.40)
where it is to be emphasized that the right hand side of Eq. (3.40)
does not represent the matrix-vector multiplication but represents
only a logical op6ration by the i th row of the SR-table on the
vector Y(t)
	
Then, from Eqs. (3.27), (3.28a), (3.28b), (3.36a),
(3.36b) and (3.38) we get
oab (x,t) = E r(u) ^x) [T]i Vi + Ejhj r(w) 
T 
(x) [T] i Vi (3.41)
where the notation Qab (x,t) is meant to denote the maximum
stress Q at any point x on the i th element at any time t
due to the generalized displacement vector Y(t) of the structure.
In order to compute the maximum stress i n time at any point
on the structure from Eq. (3.41), we need to know its displace-
ment mode. We have available to us two choices: (1) to use the
upper bound displacement vector whose components are given by
Eq. (3.25), or (2) to use the natural modes of the structure,
Xj	j = 1,2 9
 ... ,n (for the approximate analysis to use only
of these n eigenvectors from the lowest end of the spectrum)
and then superpose the resulting stresses corresponding to each
natural mode in proportion to the peak modal participation
coefficients.
The use of the upper bound displacement vector seems unrea-
sonable because its components represent an upper bound to the
corresponding peak displacement and is merely an approximation
(though reasonable) to the actual displacement of the structure.
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Moreover, its use may lead to a conservative estimate of stress
at one point on the structure and simultaneously may result into
a nonconservative estimate of the stress at some other point on
the structure.
The use of natural modes as indicated in choice (2) seems
more logical, since the structure in any case vibrates in its
natural modes. We have, therefore, the upper bound stress at
any point, x of the i th element as
n
am(x) 
< 3 1 
aab( x) I ci I &p (Wi )	 (3.42)
where aab(x) is given from Eq. (3.41) as








Once again, if only s < n of the eigenvectors are used for
the response analysis, them an approximate estimate of the
upper bound stress is given by
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am(x)	 I vab (x) fc^I & p (wj )	 (3.45)
=1
3.8 Remarks
Interesting observations have been made from the numerical
results obtained on the general planar truss-frame structures.
These are as follows:
The higher eigenvalues correspond to the mode shapes where
the overall structure frequency is dominated by the individual
frequency of the members of the structure. Thus, the higher
mode shapes of the overall structure are predominately the
higher modes of vibration of the individual members. The
contribution of these me' s to the upper bound displacement
vector, Ym
 , of the structure is, therefore, small. On the
other hand, the stresses at any point on the structure corres-
ponding to higher mode shapes are higher because of the
increased curvature which the elements experience. Hence, the
number of eigenvectors, s , required to approximate the upper
bound displacement is considerably less as compared to the number
required to approximate, to the same degree, the upper bound
stress.
In Chapter 8 of Ref. 6, it is mentioned that the computation
of the stresses from the spatial derivatives of the natural mode
functions, u(x) and w(x) , may differ greatly from the exact
values depending upon the selected interpolating pclyromials.
i
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This method, of course, would be perfectly acceptable when the
mode shapes are the correct mode shape functions. However, the
duthor has observed that by breaking the individual members into
smaller discrete elements, a reasonably accurate estimate of the
stresses at any point oii the member can be meide by the use of
spatial derivatives even with the assumed mode technique. This
is because a refined modeling enables the assumed modes of the
compatible elements to fit closer to the exact mode function of
the structure.
If we decide to investigate the upper bound displacement
only at the nodes, then the upper bound response quantities
(displacement ana stress) need be computed at the two ends of
each element used to model the planar truss-frame structure.
The upper bound stress occurs at any of the two ends of the
element, since the expression of the upper bound stress is a linear
function of x as seen from Eqs. (3.30), (3.42) and (3.43).
A fictitious node (common joint between two adjacent elements)
can always be created at any intermediate point on the member
1	
of the structure which seems to be a viable candidate for
investigation. For example, the middle point of the members of
the truss-frame structure need be investigated for upper bound
displacement because of the flapping of the member when the






Fig. 3.1	 Idealized Ground Acceleration; One Half-Cycle
Sire Pulse
Fig. 3.2 Single Degree-Of-Freedom
Mass Spring Oscillator
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Note: 1) u represents the local coordinate
system of the element.
2) V represents the reference coordinate













In Chapter 3 we recognized the need to solve an eigenproblem
[K]X = a[M]X	 ;4.1)
in order to obtain the dynamic response of structures through
modal analysis. The eigenvalue analysis refers to determining
the scalar quantities a (eigenvalues) and the corresponding
nontrivial solutions X (eigenvectors) for the given n x n
matrices [K] and [M] , respectively representing the master
stiffness and mass matrices of the structure.
Frequently, the order of [K] and [M] matrices is so EA gh
that it is impractical or prohibitively expensive to obtain the
complete eigensolution. On the other hand, as indicated in
Chapter 3, it is possible to get along with only a partial
eigensolution in order to carry out a reasonably °ccurate
dynamic analysis of the structure. It is, therefore, natural
to look for a method which is especially useful for this class
of problems.
There are two general types of methods for the eigensolution
of Eq. (4.1): transformation methods and iterative methods. The
transformation methods such as the Jacobi, Givens and Householder
schemes 13 are almost always preferable when a complete eigen-
solution is required. On the other hand, the labor savings
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involved in obtaining only a partial solution by these methods
can be a small fraction of the total. Furthermore, the trans-
formation methods accomplish the solution by operating on the
matrices of the system which necessitates the storage of large
matrices. With the emergence of the "consistent mass matrix "3,
another difficulty develops because of the necessity to trans-




as required by the transformation methods. Even if [K] or [M]
happen to be sparse or banded, this step generally produces a
dynamic matrix [D] with more extensive storage requirements
than either [K] or [M] .
The direct iterative methods, on the other hand, can avoid
the necessity of storing the entire matrix by using modern matrix
interpretive methods, yet they are disadvantaged in the general
eigenproblem, Eq. (4.1), and generally require preliminary
modification similar to the transformation methods. In addition,
3
these methods are plagued by convergence difficulties and are
computationally expensive for the intermediate eigenvalues and
t
eigenvectors.
In Ref. 15, an iterative method is presented which can be
applied directly to the eigenproblem, Eq. (4.1). It uses the




R(X)X K X	 (4.3)
s XT[M]X
that it equals the eigenvalue when the eigenvector is substituted
into it and that it is stationary in the neighborhood of 3n
eigenvector. The Rayleigh quotient is minimized to obtain the
lowest eigenvalue and the associated eigenvector. The minimiza-
tion is done numerically using the conjugate gradient method.
This approach has been extended by the author to obtain the
intermediate eigenvalues and associated eigenvectors without a
lessening of the storage and efficiency advantages.
i
The extension to intermediate eigenvalues is accomplished
by using a gradient projection scheme for constraining the mini-
!	 mization search to the subspace M-orthogonal to the previously
determined esgenvectors.
The advantage of the formulation of Eq. (4.3) is that both
the numerator and denominator, as well as all of the other
quantities required by the iteration procedure for all of the
eigenvalues desired, can be computed without having the assembled
[K] and [M] matrices at hand. This is accomplished by noting
that the numerator is twice the strain energy for a given X
(the displacement vector), and that the denominator is twice the
maximum kinetic energy of the structure and that these can be
computed by summing the potential and kinetic energies of the
individual elements of the discretized structural model.
64
4.2 Formulation of the Problem
The eigenproblem, :q. (4.1) can be rewritten as
[K - XM]X = 0
	
(4.4)
If X is a solution to Eq. (4.4), then U is also a solution
for any nonzero value of the scalar b ,thus the eigenvector
corresponding to any eigenvalue a is arbitrary to the extent
of a scalar multiplier. In other words, the Rayleigh quotient
defined in Eq. (4.3) has no unique minimum, but takes on the
same value at a iry point along any line in the n-dimensional
space passing through the origin. Furthermore, the quotient
is not defined at the origin. Consequently, the minimization
of the Rayleigh quotient is not quite as simple as that of a
function with a well defined minimum.
The redundant degree of freedom, which prevents us from	 =
determining the absolute magnitudes of the components of the
eigenvector, can be eliminated by an arbitrary normalization.
The simplest normalization for the present purpose is to set
any nonzero component of the eigenvector Equal to one.
The Rayleigh quotient, Eq. (4.3), equals the eigenvalue
when the eigenvector is substituted in it. Moreover, it is
stationary in the neighborhood of an eigenvector and its value
is Dounded by the lowest and highest eigenvalues of the physical
system. Thus, the minimization of the Rayleigh quotient will
yield the lowest eigenvalue.
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The minimization problem to find the lowest eigenvalue can
thus be stated as:
3
Find X = X 1 such that
XT[K]X1
R(X ) _	 (4.5)
i	 X[M]i
is minimum, subject to,
xql = XTeq = 1	 (4.6)
T
where xql is the normalizing or reference com
is a vector with its q th component as one and
(i.e. e 	 is a unit coordinate vector for the
An illustrative example with a geometrical
might be convenient to elucidate the underlying
the three degrees of freedom system depicted in
tabular member A6 of mean diameter 0 = 0.8"







thickness t = 0.2" is held fixed at the end A and is hinged
at the end B	 A model consisting of two standard beam elements
was used and the vertical displacement of the middle point C
of the beam and the rotation at the points C and B are taken
to be the three degrees of freedom.
The stiffness and the mass matrices of the structure are
given as:
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0.729 x 10 
	
0.0	 -0.295 x 105 1
	[K] =	 0.0	 0.635 x 10 6	0.159 x 106
	
-0.295 x 10 5	0.159 x 106	0.317 x 106
0.438 x 10 -2	0.0	 0.295 x 10-2
	
[M] =	 0.0	 0.293 x 10 -1	-0.110 x 10- 1
0.295 x 10 -2	-0.110 x 10 -1	0.147 x 10-1






and if we pick the normalizing component as x i , then the












	 and b = s
	
x i	 i







From the expressions of [K] , [M] and X given, we can write
the Rayleigh quotient, R , explicitly as:
R(X) _ •73 - 6.Ob + 63.5a 2 + 31.7ab + 31.7b2 x 106
.44 + 0.6b + 2.9a ` - 2.2ab + 1.5b2
A plot of R(X) for different values of a and b is
shown in Fig. 4.2, which represents the contour map of the values
of the Rayleigh quotient corresponding to the normalized modes
of the system. As is seen in Fig. 4.2, the Rayleigh quotient
takes cn the minimum value at the point 1, a maximum value at
the point 3 and an intermediate value at the saddle point 2.
The first three cigenvalues x i	a2 , and a 3 and their
associated eigenvectors X i , X 1 , and X 3 are given by
a i









The minimization problem posed in Eos. (4.5), (4.6) will yield
S	 ;
X  and X i .
In problems of structural dynamics, the eigenvectors
represent the mode shapes and the choice of a nonzero component
ordinarily presents no serious problem. the mechanization of
this aspect of the method is briefly described in the diSLUSSion
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of Example (1), Section 4.7.
Once the lowest eigenvalue 
X1 
= R(X 1 ) is known, the next
higher or (second) eigenvalue and its associated eigenvector
can be determined by posing a new minimization problem:








is minimum, subject to
X2er = 1	 (4.8)
and
X2[MIX1 = 0	 (4.9)
In the subspace defined by the constraints, Eqs. (4.8) and
(4.9), the Rayleigh quotient takes on a unique minimum (assuming
distinct eigenvalues) at the eigenvector associated with the
second lowest eigenvalue. The constraint Eq. (4.8) is of the
type already discussed and Eq. (4.9) represents the imposition
of the M-orthogonality condition between X 1 and X2 . Geo-
metrically speaking, these cogs traints merely restrict the
portion of vector space in which the search for the second eigen-
ector is carried out and in this restricted space R has a
minimum corresponding to a 2 .
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The determination of the third and subsequent eigenvalues
together with their associated eigenvectors up to the complete
eigensolution is accomplished by solving a sequence of problems
similar to the one presented by Eqs. (4.7) to (4.9). The only
change is that each time one additional equation of constraint
has to be imposed on the minimization problem to satisfy the
condition that the eigenvector currently being sought is
M-orthogonal to all of the previously determined eigenvectors.
The problem of determining the Rth eigenvalue (2 < z < n) can
thus be written
Find X = x  such that
XT[K]X
R(X ) _ k	 u	 (4.10)
XR[MIXQ
subject to
X^-e = 1	 (4.11)
and
XR[M]X i = 0	 i = 1,2,...,E-1	 (4.12)
where X i	i = 1,2,...,E-1 are assumed to be known when the




the constraint equation (4.12) can be written as
XRV i = 0	 i = 1 9 2 9 ..., 2 -1	 (4.12a)
4.3 Minimization Algorithm
The methods of minimizing a function of several variables
can, in general, be classified as gradient methods and non-
gradient methods. The gradient methods use the local information
about the rate of change of the function with respect to the
changes in the variables and require the evaluation of the
gradient vector, in this case vR . These methods are inherently
the more powerful as more information about the function is used
and are preferred over the nongradient methods.
The Rayleigh quotient as a function of the n variables
(x1'x2,...,xn) = X defined in Eq. (4.3) is differentiable, and
its gradient vector
.-*T




is easily computed. Therefore, it is logical to carry out the
minimization of the Rayleigh quotient by one of the gradient
methods.
Through the middle 1950's, one of the most popular gradient





each direction of search to be the negative of the gradient
vector. Though used with moderate success on a variety of
problems, it often turned out to be hopelessly slow because
of the fact that successive moves are perpendicular to each
other and the method gradually settles into a steady n-dimen-
sional zig-zag for functions having any significant eccentricity.
The convergence difficulties of the steepest descent method have
been largely eliminated by a modification of the basic iteration
which has been called the conjugate gradient method. 16 This
method has the property that, for a quadratic function of n
variables, it will converge in .1 steps, apart from round off
errors. For general functions, as the iterate approaches the
minimum, the function is usually more nearly approximated by
a quadratic and so convergence accelerates toward the solution.
The method of Davidon 17 (1959) which was amended by Fletcher
and Powell 
18 
is also a gradient technique which has the property
of quadratic convergence. However, the simplicity of the con-
jugate gradient method and its modest demands on storage,
compounded by the successful experience of Fletcher and
Bradbury 15 , dictates the use of conjugate gradient method to
minimize the Rayleigh quotient.
The algorithm can be written as:
Xo = arbitrary	 (a)






+1 = X i + ats i 	(d)
Gi+l = vR(Xi+l )	 (e)	 (4.15)
B i	 =	 IG
i+1 1 2
/IG i 1 2 	 (f)
i+l = -Gi+l + B i Si	 ( g)
where the step length at is the value of a which minimizes
R(X i + A,) . From Eq. (4.15) we note that Si+ l is a linear
combination of Gi+l and S0 ,S1,...,Si and hence it is a
linear combination of Go ,G12 ... 2 Gi+l	 The algorithm is based
on a Gram-Schmidt orthogonalization of the Gi and the deriva-
tion is documented in the literature.19
The method described in Eqs. (4.15) is applicable in
principle to any unconstrained minimization problem. It will
be noted that the constraint Eq. (4.6) is trivially satisfied
	 -f
by setting the qth component of the starting point to be
unity and setting the corresponding component of the gradient
vector to be zero throughout the search space. Thus, the problem
of minimizing the Rayleigh quoti ent function to find the lowest
eigenvalue is similar to an unconstrained minimization problem
	 -_
and the Fletcher-Reeves algorithm can be directly applied.
However, the use of conjugate gradient method for finding
the intermediate eigenvalue is possible only when the minimization
of the Rayleigh quotient is restricted on to a subspace of X
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in which the constraint Eqs. (4.11) and (4.12) are continuously
satisfied. In order to insure that the search is carried out
in the desired subspace of X , it is necessary: (1) to start
the iteration with a point in that subspace; and (2) to project
the gradient vector g , Eq. (4.14) on to that subspace. Both
of these requirements necessitate the use of some matrices which
project the arbitrary starting point and the gradient vector
g on to the subspace of constraints. Henceforth, such a matrix
will be called the "projection" matrix and the way it is
generated is discussed in the subsequent section.
4.4 Projection Matrix:
Let [P] be a matrix which has the property that for any
vector W , the vector





	 i = 1,2,...,q	 (4.17)
where Z i	 i = 1,2,...,q are q linearly independent vectors.
Note that Eq. (4.17) can also be written in matrix form as:




[N] _ [Z1,Z2,...,Zq]	 (4.18)
(nx,a)
In other words, the matrix operator [P] eliminates from
i
the vector W the non-orthogonal components, thus giving the
vector W  which is orthogonal to the subspace spanned by the
vectors Z i , i = 1,2,...,q . This idea can thus be expre,:sed
differently as:
q
Wp = W -	 uili	 (4.19)
i =1
or, in matrix form an:
W  = W - [N] U	 (4.19a)
(nxq)(gxl)
where the components of vector U are u i , i = 1,2,...,q .
Premultiplying Eq. (4.19a) by [N] T we obtain from Eq. (4.17a)
[NJ TWp = [N]TW - ([N] T[N]} U = 0	 (4.20)
Therefore
U = ([N]T [N]) 1 [N]TW 	(4.21)
From Eqs. (4.21) and (4.19x) we obtain
Wp = W - [N] (EN]T[N]) -1[N]TW
= ([I] - [N] ([N 
]T (N -1 [N]I W	 (4.22)
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where [I] is the identity matrix.
Note that C[N]T[N]) will be a (qxq) symmetric matrix,
and is nonsingular since [N] is a (nxq) matrix composed of
q linearly independent columns. Hence ([N]T[N], -1 exists.
Comparing Eqs. (4 . 16) and (4.17) we obtain the projection
matrix as:
	
[P] = ([I] - [N] ([N]T[N], -1 [N]J	 (4.23)
In particular, for determining the k th eigensolution, a pro-
jection matrix
[P k] _
	 [I] - [N k] r[NR]T[NR1) 
-1[Nk]TJ (4.24)




will project the gradient vector g , Eq. (4.14) on to the
subspace of constraints defined by Eqs. (4.11) and (4.12). Note
that the column vect..^;,s of the matrix [N k ] are linearly inde-
pendent. Thus
gp = [P R]^	 (4.26)
A question which immediately warrants attention is, since
we use I  instead of g will the conjugate gradient method






 is the gradient and whose function value equals R in the
subspace defined by Eqs. (4.11) and (4.12)? To see that the
answer is affirmative, it is only necessary to construct the
Lagrange function for the constrained minimization problem,
Eqs. (4.10) to (4.12). Define a "Lagrange-Rayleigh" function
for the Rth eigensolution as:
L R
 = R(X) - u l (XTe^ - 1) -	
uiXRVi-1	 (4.21)i=2
where u i
	i = 1,2, ... ,x, are the Lagrange multipliers. Note
that the stationary condition fiver the variables X is
i	 T
	vLZ = vR - u^e^ - F	 uiVi-1 =0	 (4.28)i=2
or in matrix form
vLR = 9 - [N R ]U = 0	 (4.29)
and if the Lagrange multiplier vector U is defined by Eck (4.6)
as
i	 T	
-'[N	 -U = ((Np
.




vL = 9 - [N ](rN,jT [N ] -1 [N JT9 = C P J4 = 9	 (4.31)Q	 e)	 z	 p
where [P ] is given by Eq. (4.24). Furtherfaore, L = R in
the proper subspace, because the second and third terms of
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Eq. (4.27) are identically zero by virtue of constraint
Eqs. (4.11) and (4.12).
Thus, the "Lagrange-Rayleigh" function has the same value
as the Rayleigh quotient in the proper subspace and the projection
matrix [P R] projects the gradient vector g on to this subspace
giving thereby the gradient of the "Lagrange-Rayleigh" function.
4.5 Recursion Procedure
It is always pcssible to form the (R x R) matrix
NR]T[N,]/ 
and then invert it to obtain the projection matrix
[P R ]	 Eq. (4.24) when the search for the Rth eigenvalue and
its corresponding eigenvector is made. However, it is desirable
to avoid this computation, as the value of R will be large
when higher eigenvalues are searched.
It will be noticed from Eq. (4.25) that the size of the
rectangular matrix [N 
R] increases by one column, every time
a new eigenvalue and its associated eigenvector is searched.
This suggests that some sort of a recursion procedure should
be used which permits the insertion of the vector V R_1 on to
the set
[NR-1] = [ej ,V 1 ,V2 ,...,V R _ 2 1 	 (4.32)
and uses ( [N 
R-1	 R]T[ N _ 1 1) -1 , which is presumed to be known.
Such a recursion procedure to obtain C[14JT[NR]1 -1 from
([NR-1]T[NR-.]) -1	 is described in Ref. 20. It is based on
18
the method for the inverse of a matrix in terms of the inverses
















































where [A 1 j = [QP-1 j and A2 = [ejVz-1'V1vz-1, ... 'VQ-2vX -1j
We presume that [A 1 j -1 is known, then
IQ 1 -1
-
 (IN 011 T It,
	
1	 -- - [B'j--- I- -B2_	 (4.35)f
g2	 I B 3
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can be obtained from
[B11 = [All-1 + s
	
[All
-1 A2A2 [A ll-1
(4.36)








where the scalar quantity s is given by
s = A 3 - A2 [A1]-1 A2
	(4.37)
A procedure to obtain [B 1 ] , B2 , and B 3
 which is even more
efficient than the direct formulas shown above and which uses only
the old projection matrix, [P._ 1 ] , the old inverse, [Q._1]-1
and the vector V,'_1 is described in Appendix II.
4.6 Step by Step Procedure
(a) Choice of a starting point:
The iterative methods should have a good starting point, other-
wise unnecessary time is wasted inside the minimization procedure to
minimize the function. However, there seems to be no simple method
for finding a good starting value for any iterative method. In Ref.
15, a choice of the starting point is made by choosing a coordinate
vector on the basis that the first step of the minimization procedure
makes the fastest descent towards the minimum. It is a unit vector e^
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(the j th element of e i is 6 ij ) lying along the coordinate
axes. Such a starting point gives an awfully distorted mode
shape in the dynamics problem and was not found to be the best
choice in this context.
Contrary to expectation, a set of random vectors proved to
be superior to the selected unit vectors and in this work they
were used as starting points. The method showed reasonably good
convergence from these points. Once the solutions converged, a
knowledge of the mode shapes of the structural system was obtained.
Experiments were conducted in which several of the design variables
of the structure were changed and the eigensolution of the modified
system was obtained by using the mode shapes of the original design
as the starting points. This showed rapid convergence. It wasj
also observed that the mode shapes change positions, in the sense
that their appearance in the spectrum of eigenvalues shifts
from design to design. Consequently, whichsoever was the Rth
mode shape in the original design may not correspond to the zth
mode shape for the new design. If we denote X( 0) , i = 1,2,...,n
as the n eigenvectors of the original design, then there is one
"best" starting point, say X (
p
O) , amongst X^ O)	 i	 1,2,...,n
which corresponds to the lowest value of the Rayleigh quotient
in the proper space in order ti obtain the lowest eigenvalue of
the new design. It was observed that the convergence V, the
lowest eigenvalue and its associated eigenvector of the new
design was relatively faster by using X pO, as the starting
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point as against Xi^ ) ( assuming of course that p # 1). This
technique was extended to pick up the best starting point from
amongst the potential candidates [Xi s) , i,1,2,...,p-l,p+l,...,n1
to start the iteration in order to obtain the second lowest
eigensolution of the new design. Notice that the number of
potential candidates for starting points to obtain the intermediate
eigensolution upto the complete eigensolution of the new design
successively reduce as the order of the eigensolution increases.
This is because we eliminate those R-1 eigenvectors of the old
design which have been used as starting points for the already
determined u-1 eigensolutions of the new design. This technique
of picking up the best starting point greatly accelerated the
convergence.
The starting point for the search of the lowest eigenvalue
needs to satisfy only one constraint, Eq. (4.6), which is trivially
satisfied by dividing through by the qth component. However,
the minimization algorithm, Eq. (4.15) generates a sequence of
vectors which, in the limit, tend directionally to the minimum
eigenvalue on the search space. Thus the qth component of the
vectors so generated have to be maintained as unity, so as to
satisfy the constraint Eq. (4.6) continuously in the space. This
is achieved by setting the qth component of the gradient vector
at the particular point equal to zero. In other words, no "move"
is made in the qth direction of the search space.
The starting point for the search of second eigenvalue has to
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satisfy an additional constraint, Eq. (4.9), and this can be
easily satisfied by Schmidt orthogonalization
Let X( ° ) be some initial estimate. Therefore,
(4.38)
satisfies Eq. (4.9) if VT ii= 1 . Note that U 1	[M]X1
Eq. (4.13) where X 1 is the eigenvector corresponding to the
first (lowest)eigenvalue.
In order to get the starting point for the search of subse-
quent eigenvalues, the initial estimate is passed through a pro-
jection matrix as discussed in Section 4.4 where the projection
s	
matrix is given by Eq. (4.24) but the matrix [N R ] where
)	




is to be used instead of matrix [N k] , Eq. (4.25).
(b) Function Evaluation:
The value of the function to be minimized is required at
the end of each iteration cycle for almost all of the iteration
methods since the convergence criterion is based on the function
value. Moreover, for the particular problem of minimizing the
Rayleigh quotient, the function value is required at each cycle
in order to evaluate the gradient vector, Eq. (4.14). It is,
therefore, necessary to have an efficient routine for function
evaluation, in order to avoid the time which would be otherwise
f
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wasted inside the minimization procedure. The value of the
Rayleigh quotient can be computed without having the assembled
[K] and [M] matrices at hand. This is accomplished by noting
that the numerator is twice the strain energy for a given X
(the generalized displacements), and that the denominator is
twice the maximum kinetic energy of the structure and these can
be computed by summing the potea tial and kinetic energies of the
individual elements of the discretized structural model. In
this sense, the approach is an extension of energy search method







where r is the number of discrete elements, [k i ] and [mil
are, respectively, the stiffness and mass matrices of the ith
element of the discretized structure and Y i is the displacement
vector of the i th element corresponding to the generalized
displacement vector X . To obtain the vector Y i , i = 1,2,...,r
from the vector X is rather easy and is a matter of logical
operations. A variety of methods exist for such logical operations.
One such scheme is described in Ref. 7 and an equivalent technique
is discussed in detail in Appendix III.
For the purposes of the present work, a separate subroutine
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was written in Fortran V to decompose the vector X to the
vectors Y i , to evaluate the vectors [ki]Yi and [m i ]Y i and
then to assemble back the product [K]X = A and [M]X - B .
The assembly of the vectors A and B is accomplished through
a logical operation on the vectors [k i ]Y i and [m i ]Y i which
is merely the inverse of the operation described in Appendix II;.
As will be seen later, this subroutine was used over and over
again to :evaluate certain other quantities required in the itera-
tion process, other than the function evaluation which is now
obtained by two vector multiplications XTA and XTB and one




Needless to emphasize the advantage gained by getting along with-
out the assembly cf [K] and [M] matrices. Frequet,cly, the
order of [K] and [M] matrices encountered for large structures
is so high that it is impractical or prohibitively expensive to
study their vibration characteristics without making approximations.
The size of element stiffness and mass matrices are relatively
much smaller than the size of the assembled stiffness and mass
matrices of large complex structures. Furthermore, advantage can
also be taken of similar elements. For example, in a structural
system of a large number of elements, if only three types of
elements are used, then we need to store only the stiffness and
mass matrices corresponding to these three elements, rather than
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for all of the r elements.
(c) Gradient Evaluation:
The minimization algorithm, Eq. (4.15) requires the evalua-
tion of the gradient vector at each cycle of the iteration. The
gradient vector, g , of the Rayleigh quotient function is given
by Eq. (4.14). For determining the lowest (first) eigensolution,
the component of the gradient vector corresponding to the nor-
milizing component of the eigenvector is set equal to zero, in
order to continuously satisfy the constraint imposed due to the
normalization of the eigenvector. While determining the inter-
mediate eigensolution, the projection matrix [P^] 	 Eq. (4.24)
is used to project this gradient vector, g , on to the propar
subspace of search, M-orthogonal to the previously determined
eigenvectors. The component of the gradient vector, g  , corres-
ponding to the normalizing component of the eigenvector turns
out to be zero automatically, but a small number often appears
due to roundoff errors and this is simply removed by setting that
component equal to zero.
(d) Evaluation of Step Length
Once a direction of move i has been decided, we must
determine at so that the function is minimized in that direction.
Thus the problem of finding the step length is essentially the
linear search problem which requires the determination of the
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is a minimum, i.e.,
A= R'(ai)  = 0	 (4.42)da 1 a i = a^
In the general problem, no expression is available to
determine a*.{ , so an interpolation approach 10,17,18 is adopted.
In the particular problem of the Rayleigh quotient, however, an
explicit expression in a i
 can be generated 15 from Eqs. (4.41)
and (4.42) which has the form




u = ( ;C Kl i )(xCMJsi ) - (X;CKJsi)(sTCMJsi)
v = (S i[K]Si)(X^[M]Xi) - (X i[K]X i )(Si[M]S.i )	 (4.44)
w = (X i[ K ] s i )(Xi[M]X i ) - (Xi[ KJX i x i [M]Si)
The two roots of Eq. (4.43) correspond to the maximal and
minimal points of the Rayleigh quotient in the direction Si
through X i as shown in Fig. 4.3. The minimal function value
corresponds to at .
88
Note that the matrix products required in Eq. (4.44) to
evaluate the coefficients of the quadratic, Eq. (4.43), are
easily obtained through the subroutine discussed in Section 4.6(b).
4.7 Illustrative Examples:
In all the examples presented in this section, (1) a
general planar beam element having six degrees of freedom was
used to model the various structures, (2) the distributed mass
of the system was used to evaluate the components of the mass
matrix (the "consistent" mass matrix), (3) the Univac 1108
digital computer was used to obtain the numerical results and
(4) except where noted, random vectors were taken as starting
Points for the minimization algorithm to obtain the eigensolution.
Example (1):
As a simple application, the cylindrical cantilever rod
shown in Fig. 4.4(a) is considered. An attempt was made to
obtain the complete eigensolution of this simple structure by




Based on the surmise that the lowest eigenvalue would 	 -1
correspond to the first cantilever mode, the degree of freedom
associated with the transverse deflection of the cantilever at
the free end (x 8 ) was made to equal one and the others were taken
as zero in order to start the search for the lowest eigenvalue.
(This obviously makes x 8 the normalizing component). A
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capability was built in the coirputer program to change the
normalizing component whenever the magnitude of any other component
of the vector in the appropriate subspace exceeded five times the
magnitude of the current normalizing component (which in any
case is one). Every change of the normalizing component necessi-
tated the restart of the minimization algorithm due to the change
in the subspace of search.
Curiously enough the complete eigensolution so obtained gave
the first six eigenvalues and their associated eigenvectors and
did not pick up the remaining three eigenvalues. This is because
the three axial degrees of freedom are uncoupled from the six
translational and rotational degrees of freedom of the canti-
lever beam and with the particular choice of starting point, the
method could not enter into the subspace in which the eigenvalues
associated with the axial modes of vibration are located. If
instead of e8 , the starting points are taken as e. , only the
eigenvalues associated with the three axial modes of vibration
are obtained.
Furthermore, if the same structure is oriented differently
as shown in Fig. 4.4(b) where the translational, rotational and
axial degrees of freedom are all coupled, the complete eigen-
solution, i.e. all the nine eigenvalues and the corresponding
eigenvectors, were obtained from the starting point of e8 .
The first three eigenvalues of the model are: .2466 x 108
.1161 x 10 9 and .9747 x 10 9 which correspond to the frequencies
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of .4966 x 10 4 , .1079 x 10 5 and .3122 x 10 5 radians/sec. These
compare favorably with the exact values of .4945 x 10
4
, .1065 x 105
and .3100 x 105 radians/sec., and respectively correspond to the
first cantilever beam mode, the first axial mode and the second
cantilever beam mode.
Example (2):
Consider as another illustrative example the planar frame
shown in Fig. 4.5(a) consisting of tubular members pinned to-
gether at the nodes. Each member was modeled with a single beam
element. Thus, the structure has fourteen degrees of freedom.
A complete eigensolution (i.e. all the fourteen eigenvalues and
eigenvectors) of the system was obtained by successive minimiza-
tion of the Rayleigh quotient. The time taken was 4.17 seconds.
Example (3):
The partial eigensolution of a 56 degrees of freedom system
shown in Fig. 4.5(b) was obtained by minimizing the Rayleigh
quotient. Each member of the four bay planar frame, pinned at
the nodes, was modeled with a single beam element. The determina-
tion of ten eigenvalues and eigenvectors took 77.91 seconds.
Example (4)-
A frame structure having 134 degrees of freedom shown in
Fig. 4.6 was analyzed to obtain the first five eigenvalues and
the associated eigenvectors. Each member was pinned at its nodes
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and modeled with only one element. The number of iterations
required to converge to the solution up to the eighth decimal
place, the time taken to obta i n each eigenvalue and the numerical
result obtained are given in Table 4.1. The eigenvectors so
obtained were used as the starting points for the minimization
algorithm to obtain the eigensolution of a changed design of the
same structure. The change in the original design was brought
about by increasing the mean diameter of members 1 to 20 by 10%
and by decrea!A ng the mean diameter of members 21 to 29 by 10%.
The results for the changed design are also given in Table 4.1.
The total Lime taken to obtain the partial (first five) eigen-
solution of the original design was 46.95 seconds while that for
the changed design was 20.30 seconds. Thus, the method converges
rapidly for the changed design. The reason is that the eigen-
vectors of the original design provide the reasonable initial
estimates of the eigenvectors for the changed design and thus
are good starting points for the minimization algorithm.
It would be observed from Table 4.1 that the first two
eigenvalues are well separated while the next three are closely
spaced. A study of the associated eigenvectors explains this
behavior. The first two eigenvalues, respectively, correspond
to the mode shapes schematically represented in Fig. 4.1 and
4.8. The next three closely spaced eigenvalues correspond to
the mode shapes where the overall structure frequency is dominated
by the individual frequency of any of the long members of the
structure marked 34, 35, 44, and 45. This interaction of the
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individual member frequency with the overall structure frequency
is responsible for the three closely spaced eigenvalues.
The same example was rerun with a relaxed convergence
criterion (this time the solution was required to converge to
only the sixth decimal place) and the results obtained are
given in Table 4.2. The total time taken for the partial
eigensolution of the original design is 24.34 seconds while
that for the changed design is 7.97 seconds. Thus, there is
a considerable saving of time in choosing a less stringent
convergence criterion. However, although the error does not
seem to propagate badly from eigenvalue to eigenvalue, the
eigenvectors so obtained a; ,e not as accurate as those obtained
by the more stringent convergence criterion.
Example (5):
The number of degrees of freedom ^f the system shown in
Fig. 4.6 turned out to be 281 when each of its members was
modeled by two beam elements. The results for the first five
eigenvalues of this refined model are given in Table 4.3. As
anticipated, the refined modeling gave a better correlation
between the closely spaced eigenvalues of the overall structure
and the eigenvalue corresponding to the lowest natural frequency
of the individual members having a length of 21.21" (any of the
ones marked 34, 35, 44, and 45 on Fig. 4.6). The lowest natural
frequency of the simply supported tubular beam of mean diameter
1.6", wall thickness 0.1" and a length of 21.21" is
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.251 x 10  radians/semi , which correspond to an eigenvalue of
.6300 x 10
7
	Thus, the closely spaced eigenvalues are the
Y esult of the interaction between the individual member frequency
and the overall structure frequency.
4.8 Conclusion
The minimization of the Rayleigh quotient to obtain a
partial or complete solution of the general eigenproblem does not
require any preliminary modification to put it into the form of
a special eigenvalue problem. Furthermore, this formulation
extends the important computer storage advantages of the conjugate
gradient method by eliminating the need for assembled stiffness
and mass matrices. The method has been found to be effective
to obtain the partial eigensolution and is thus useful for
reasonably accurate dynamic analysis of complex structures.
Because the method is iterative and converges quite rapidly when
reasonable initial estimates of the eigenvector are available,
it lends itself well tv embedment within structural optimization
procedures when	 behavior is to be considered. This is
because as the optimum structural design is evolved, the eigen-
solution generally is expected to change only incrementally from
design to design. Hence the previous solutions provide good
initial o3timates of the eigenvector.
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1 417 71.78 .6207	 x 11C6
2 301 55.57 .5291	 x	 10^
3 614 117.22 .6295 x 10'
4 222 ^? .48 .6371	 x	 10'
I
5 297 59.12 .6643 x 10'
Table 4.3 - Results of 281 Degrees of
Freedom System of Fig. 4.6.
Eigenvalues Required to




4- -- -^^.^- -- :—:34to
A H
	 C	 B	 H-H
L	 L
Mean diameter (D)= 0.8"
Wall thickness (O z 0.2"
L = 16.16"
E= 30 x 1061bs./in?
P=0.28 Ibs./in3
Fig. 4.1	 Tubular Beam Fixed at the End A and Hinged at the End B.
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Fig. 4.2
	 Contour Map of Rayleigh Quotient.
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D = 0.2 5"
E = 30 x 106 Ibs. /in!
P= 0.28 Ibs./iO
Fig. 4 . 4	 Cantilever Rod; 9 Degrees-of-Freedom	 -t
12 it
4-
P = 0.28 lbs./in2











Mean Dia. (D) = 1.6"
Wall Thickness (t) = 0.1"
E = 30x106 Its./in'
Fig. 4.5	 Planar Frames: (3) Fourteen Degrees of Freedom;
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Fig. 4 . 6	 Planar Frame ( 134 Degrees of Freedom, If Each Member
is Model r i of One Element).
C
103
Fig. 4.7	 Mode Shape Corresponding to (Lowest) Eigenvalua No. 1;
(134 Degrees cf Freedom.. System) .
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Fig. 4.8
	 Mode Shape Corresponding to Eienvalue No. 2;
(134 Degrees of Freedom System}g
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CHAPTER 5
RATES OF CHANGE OF EIGENVALUES AND EIGENVECTORS
There is a fundamental requirement for information relating
changes in the dynamic response quantities to changes in the
design variables for certain computer design methods, for example,
the method of feasible d i rections. These methods use the
gradients to the objective function and to the constraint surfaces,
in order to obtain a useable feasible direction. 1' The dynamic
response quantities depend on the eigenvalues and associated
eigenvectors, as formulated in Chapter 3. Furthermore, eigen-
values are also considered ;o be the constraint surfaces in the
present work. Therefore, useful information is contained in the
quantities representing rates of change of eigenvalues and eigen-
vectors with respect to design parameters. Exact expressions for





where the scalar quantities a (eigenvalues) and the corresponding
4
nontrivial solutions X (eigenvectors) are presumed to be known.
In the structural application, the master stiffness matrix, [K]
and the master mass matrix, [M] , are symmetric, their order,
'"See Chapter 9 .
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n , corresponds to the elastic degrees of freedom of the system
and their elements are dependent on the design parameters.
5.2 Rate of Change of an Eigenvalue
The eigenvalue problem, Eq. (5.1), can be rewritten as
[K - aM]X = 0	 (5.2)
Let
[Fi]	 [F( a i ,l )] = [ K - a iM]	 (5.3)
where 
x
  is i th eigenvalue and therefore
[F i ]X i = 0	 (5.4)
Premultiplication of Eq. (5.4) by XT gives
Xi[FOx i = 0	 (5.5)
Differentiating Eq. (5.5) with respect to 6i , we get
aXi	 iT [IFj	 4-T
	
aX
aa [Fi] Xi+ Xi	 sh Xi + Xi [Fi] aai	 0	 (5.6)
The first and the .riird term of Eq. (5.6) are zero, by virtue of




Xi = 0	 (5.7)
J




aa. - [F i,j ]	C [K,j ]	 a i [M, j ]	 a i ^ j [M]	 (5.8)
J
where [K, j] and [M, j] denote the matrices formed by differen-
tiating the elements of [K] and [M] matrices, respectively,
with respect to 8 j . These matrices are presumably readily
computed and they are generally quite sparse. Substituting Eq.
(5.8) into Eq. (5.7) gives
X^ ([K, j ] - a i [M . j ] ) X i - A i'jX^[M]X i = 0	 (5.9)
or, to obtain the desired expression
XT ( [ K , ] - a	 , ])X









If the eigenvectors are taken to be M-orthonormal, i.e.
Xi[M]Xi = 1	 (5.11)
then, Eq. (5.10) simplifies to
	
X i ' j	 Xi ([K, j ) - a i [MI j ])X i	(5.12)
It is to be noted that the expression of Eq. (5.12) involves
only the eigenvalue and the eigenvector under consideration and
thus, a complete solution of the eigenproblem is not needed to
obtain these derivatives. Expressions similar to Eq. (5.12) are





identical expression has been used for L-he elementary error
analysis of the eigenproblem arising in structural dynamics.
5.3 Rate of Change of an Eigenvector
(a) Formulation 1
Consider the vector Eq. (5.4). Note that the matrix
[F i ] is singular and is of rank (n-1) if the system of equations
represented by Eqs. (5.2) has distinct eigenvalues. 13 Let us
define
-*T	 -*T
 = Vi	 (5.13)
Then, Eq. (5.11) which represents that the eigenvectors are
M-orthonormal can be written as:
-*T-) .'
V i X i = 1	 (5.14)
It is easy to show that Eq. _5.14) is linearly independent of the








where fi k) 	k = 1,2,...,n , represent the row vectors of the
matrix	 [F i ]	 Then, from Eq. (E.4) we obtain
T
fi k) Xi = 0	 k = 1 9 2,...,n (5.16)
T
i.e. fi k) 	k = 1,2,...,n are orthogonal to the ith
eigenvector, X i .
Let V^ be a linear combination of the row vectors f^k)
k _ 1,2,...,n . Therefore,
T	 T	 T
VT = a ft l)
 + a f(2) + .., a f (n)	 (5.17)
^	 i^	 2i	 ni
Fostmultiplying Eq. (5.17) by X i we obtain
T	 7	 T_,
ViX i
 = a^f^	 Xi + a 2 fi 2) X i + ..., anfi n) X i	 (5.18)
The right hand side of Eq. (5.18) is zero by virtue of Eq. (5.16)
and this violates Eq. (5.14). Hence, we obtain that Vi is
linearly independent of the vows of matrix [ F i ] .
Taking the set of Eqs. (5.4) and (5.11) together, we obtain





r 0	 (5 19)
Xi
T




An expression for 
Xi.J 
can be obtained by differentiating
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Eq. (5.19). For ease of algebra, let us go back to Eqs. (5.4)
and (5.11) which constitute the set of Eqs. (5.19).
Differentiating the vector equation (5.4) we obtain
[F i ]X i,J + [ F i,j ]Xi = 0
or
[Fi]Xi j
where [ Fi'j ] is given by Eq
Also differentiating Eq.
obtain, the scalar equation
2Xi[M]Xi1i
-[Fi jI X i	 (5.20)
(5.8).
(5.11) and collecting the terms we
+ Xi[M, i ]X i = 0
or
2X^[M]X i ^^ = Xi[M,^]X i 	(5.21)





Xf[m, ]	 X i	 (5.22)L





([F i ][ F i ] + 2CM]XiXi[M])X = -([ F ]CFI + MIiM DXi. j	 i 1i	 i
(5.2'-)
or to obtain the desired expression
Xi,j	 -([F i J[F i J + 2[M]X i Xi(M]) -
^(
C F i ][ F i,j ] + [M]XiXi[M,j])Xi
(5.24)
O,ice again the expression of Eq. (5.24) to find the rate of change
of an eigenvector with respect to any design parameter involves
only the e i genvalue and eigenvector under consideration and other
known quantities. However, it does require the inverse of a
nxn matrix. Mort ier, while checking the computational validity
of the expression for Xi,j	 Eq. (5.24), it was observed that the
terms of the matrix of which the invers q is needed are predomi-
nately those of the matrix product [ F i ][ F i ] . In other words,
the order of magnitude of the elements of the second matrix
expression
	 2[M]Xi Xj[M] was relatively smaller than those of
the matrix [F i ][F i ] , This resulted in an almost singular
matrix, since [F i ] is a singular matrix. To circumvent this
trouble, the last equation of the set of Eqs. (5.19) was multiplied
by a large scalar quantity, b , and this "beefed up" the elements
of the second matrix ex pression to 2b[M]X i Xi[M] and hence the
final expression is




Since the eigenvectors form a complete set of vectors, any
n-component vector can be represented as a linear combinatiofi of
these and, in particular, X i'j can be represented as
n
x i
 j	 k 1 aijkxk	 (5.26)
=
Substituting Eq. (5.26) into Eq. (5.20) yields
[F i ] I a ijkxk	 -[ F i,J ] x i	 (5.27)
k=1
and premultiplying both sides of Eq. (5.27) by XT 	 P. # 1
gives
n
I a ijkxx[F i ]Xk = -XQ[ F i'j ]X i	 (5.28)
k=1
which reduces to
a ij ,P z - xi) _ -xk[K, j - A iM, i ]X i 	(5.29)
since the M-orthonormal vectors are also K-orthogonal. Therefore,
XT ([K,^] - ai[M,i])xi
a ijk =	 -	 , z # i	 (5.30)( a i	 aR)
In order to get a iji , we substitute Eq. (5.26) into Eq. (5.21)
which gives
n
2xi[M] 1 a i ^ kX F, _ -x rM, ^]X i	(5.31 j
k=1
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Using the M-orthonormal relationship of the eigervectors vie get
XT [M, ]X
aiji = - ^ 2^ 
i
	 (5.32)
3	 It is to be noted that in contrast with Eq. (5.24), the expression
of Eq. (5.26), where the coefficients are given by Eqs. (5.30)
j	 and (5.32), involves the complete solution of an eigenproblem,
but does not require the inversion of an additional nxn matrix.
On the other hand, as indicated in Chapter 3 for the approximate
dynamic analysis, it should be possible to approximate the
derivative of the eigenvector in Eq. (5.26) by a partial sum
3	 s
Xi,J	 kIl a
ijkXk , s < n	 (5.33)
This possibility has not been completely explored in the present
work, but the results obtained by taking the first s of the n
natural modes from the lowest end of the spectrum has indicated
that the derivative of the eigenvector so obtained at least points
in a direction approximately similar to the gradient vector
obtained from Eq. (5.26). It is natural to speculate that a
different subset of s eigenvectors might result in a better
approximation.
5.4 Numercal Results:
As a simple application, the cylindrical cantilever beam
shown in Fig. (5.1) is ccnsidered. It is modeled with three
discrete elements and hence the dynamic analysis is approximated
i
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by six degrees of freedom. The design variables are the diameters
cf each element. The results obtained for the rate cf change of
eigenvalues are given in Table 5.1. The results for the rate of
change of the first eigenvector (corresponding to the lowest
eigenvalue) with respect to the design parameters are shown in
Table 5.2.
Experience witii a variety of problems has indicated that
the expressions for the partial derivatives of eigenvalues and
the components of an eigenvector are computationally reasonable.
It will be seen in Chapter 6 that these quantities enter into
the expressions for the derivative of the dynamic response quanti-
ties (displacements and stresses). Furthermore, it is indicated
in Chapter 9 that this information can be useful in approximating
the analysis of a new design which is not substantially different
from the old one.
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Components of	 x 1J x 10 -2
(j) x11,J x12,J x 131 x 14 x 15 x16,.1
I
-0.962 1.745 -0.668 -1.708 1.478 -2.298
II i	 0.762 -1.324 -0.183 2.558 -2.734 2.550
III ,-1.082 1.913 -3.384 2.528 -6.486 3.300
Table 5.2 - Rate of Change of Eigenvector No. 1













DI = 0.25" = DII - DIII
p - 0.28 bs./in.3
E	 - 30 x 106 lbs./in.2
Fig. 5.1 Cantilever Rod; 6 Degrees-of-Freedom
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CHAPTER 6
DERIVATIVES OF RESPONSE QUANTITIES
In	 automated design methods (for example, the method of
feasible directions used in the present work) information relating
changes in the dynamic response quantities to changes in the
design variables is required, in order to satisfy, continuously
in the design space, the limitations imposed on the response
quantities. The restrictions imposed on the dynamic behavior
in the present work involve limitations on upper bound displace-
ments, upper bound stresses and the range in which the natural
frequencies of the structure will be allowed to fall. Thus, we
need to derive either approximate or exact expressions for the
derivatives of upper bound dynamic displacements and upper bound
stresses on the structure. We have already derived the exact
expression for the derivative of eigenvalues, Eq. (5.12). We
also have the expressions of upper bound displacements, Eq.
(3.25), and of the upper bound stresses, Eqs. (3.43) and (3.44),
and since the quantities involved in these expressions are
continuous functions in the design space, an exact expression
for the derivatives of these response quantities seems tractable.
6.2 Derivative of Upper-Bound Dynamic Displacement
The nth component of the upper bound displacement vector







I xji I ( c il	 tpi )	 j = 1,2,...,n	 (6.1)
where the scalar quantity Ic i l t p (W i ) is the ith peak modal
i 	 participation coefficient and 
xji represents the jth component
of the i th eigenvector.





ci tm — i=1
n
sign(xji c i





sign(z) =	 0	 z = 0
-1	 z<0
Notice that though the function yjm is continuous, its derivative
may not be defined at the point where one of the summands is zero,
and in such an eventuality, the expression of the derivative which
follows would break down. However, in the present work no trouble
was encounterQd.
Differentiating Eq. (6.2) we get
3y.	 n	 ax..
___
gym =	 L S ign(xji c i F )	 a_,1? ci
ad k 	 i=i	 p	 k	 p
ac.	 a







xji,k	 is the change in the j th component ofk
the i th eigenvector with respect to the change in the kth
design variable and is given in Chaptei 	 .
From Eq. (3.19) we have expression for c i as
.,
c i = X i [M] a	 (6.4)
Differentiating Eq. (6.4) we obtain
31 = 36 [M] e + Xia6	 a	 (6.5)k	 k	 k
aX.




denotes the matrix formed by differentiating the elements of matrix
[M] with respect to 6 k
 .
It has been seen that the shock spectrum gives the peak
response quantity ^p as a function of w . Hence the quantity
a^
alp can be obtained from the shock spectrum. Notice that ^
may not be a continuously differentiable function of w	 This
would lead to trouble, if we happen to hit the points of sharp
kinks on the shock spectral curve. However, the the present work,
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Substituting the expression of Eq. (6.8) into Eq. (6.7) we obtain
IC P 	 1	 1	 a^	 ax 
a6 




The expression for	 aa'	
^'i,k
	
is given by Eq. (5.12). Thus,
	
k	
IyjMwe see that the expression for -	
- y3m,k	 involves all the
k
known quantities and hence the derivative of the upper bound dis-
placeme,it can be computed.
6.3 Derivative of Upper-Bound Stress
The upper bound stress on the i th element derived in
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Chapter 3 is given by Eqs. (3.42) and (3.43) as
n
Gm (x) — Jz1 aab (x) I c^ I & p (Wi )	 (6.10)
where
oab(x) = E  ( u ) T(;; [T] i
 fix i} iI +
E IhI
	
r (w) T(x) [T]i (Ai I i
j )i (I) (.) j
_ 	 +




The first term on the right hand side of Eq. (6.11) represents
the absolute value of the axial stress and the second term
represents the absolute value of the bending stress at any
point x on the i th element due to the displacement corres-
ponding to the jth natural mode shape ( eigenvector).
We have, therefore,
i	 n	 I	 i (A)	 i(B)	 !!
	° m(x) < I	 i Q^	 (x)I + I	 ( x )I	 Ic^I ^ (W:)
	
J-1	 p .i
n IoJi(A) (x) cj














 (x)	 n	 (A)	 ji (A)
oak	

















ji (B)	 aoji	 x
.F sigr^(Q	 (x) 
cj ^P )	 as	 cj ^pk
	




 + cy	 (x) cj 36 k^j
(6.13)
where





( B )	 '
aa3 ^	 x	 w T	
a,x }i
36kLL =	 E h r( ) (x} [Tj i --D6 -
+ E as r(w)T(x) [T]i {xj}i Ik
It should be remembered that
>	 SR .
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All the quantities on the right hand side of Eq. (6.13) are
known and thus the derivative of the upper bound stress at any




The problem of minimum weight design of truss-frame structures
has been stated as a nonlinear programming problem in Chapter 1. The
method of analysis leading us to the desired quantifiable information
of the dynamic behavior on which restrictions are to be imposed has
been developed in Chapters 3 and 4. The selection of a solution pro-
cedure and its description is the topic of this chapter.
There are many algorithms available to seek the solution of a
nonlinear programming problem. These can be classified as: (1) Direct
Methods, and (2) Indirect Methods.
3
Direct Methods are the ones where the constraint equations are
explicitly handled in the algorithm while indirect methods cast a con-
strained minimization problem as a sequence of unconstrained minimiza-
tion problem. It should be pointed out that the equivalent uncon-
strained minimization formulations of the constrained minimization
problems generate functions which are sometimes difficult to minimize.
Relative minima present in the basic problem statement are in some
cases compounded in the substitute problem. Usually the convexity of
the functions involved in the basic problem statement cannot be
assured and strict equivalence of the substitute problem cannot be
guaranteed. Furthermore, such substitute formulations usually
require the minimization of a sequence of unconstrained minimization
The discussion in this chapter closely follows that in a book
on optimization methods by Professor R. L. Fox, to be published by
the Addison Wesley Co. The material is included here for completeness.
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minimization problems, each of which quite often require a large
number of function and gradient evaluations. Unless the equiva-
lent unconstrained minimization problem generates a function
whose value can be evaluated rather easily and so also the gra-
dient vector can be explicitly computed, such formulations turn
out to be computationally very inefficient.
One approach to automated optimum design problems with diffi-
cult analyses is to adopt a method which conserves the time spent
doing the analysis. In other words, when the analysis consumes the
t
majority of the computational effort, it is an indication that re-
design should be done with a great deal of care. It is for this
reason that an optimization technique from the Direct Methods cate-
gory was chosen for the purposes of *ie present work. These are
the methods in which, at least in principle, each step which is taken
and which will require a reanalysis of the structure is made only
after a great deal of care is taken to ensure that effort expended
in analysis will be worthwhile.
Of the direct methods of attack on general nonlinear inequality
constrained optimization problems a significant class is referred to
as the Methods of Feasible Directions. Two well known procedures
which embody the philosophy of the method of feasible directions are
20 26
(1) Rosen's procedure	 and (2) Zoutendijk's procedure27 . Rosen's
gradient projection algorithm is perhaps one of the most efficient
when all the constraints of the nonlinear programing problem




constraints are nonlinear. Hence Zoutendijk's method of feasible
direction has been used to optimize the truss-frame structures
considered in the present work.
7.2 Methods of Feasible Directions.
These methods consist of an iteration of the form
Dq+l = Dq + a Sq	(7.1)
where the direction of move S 	 and the "step length", a ,
are always chosen so that Dq+1 is in the feasible domain.
They are called feasible direction methods because of the
properties of the direction S 	 that (1) a small move in the
direction S 	 violates no constraint, and (2) the objective
function improves in the direction S  .
A direction S 
	
satisfying (1) is called a feasible
}	 direction while a direction satisfying both (1) and (2) is
3	 called a useable feasible direction.
Let all the inequality constraints be cast in the form
Y'
gj < 0 , j = 1,2,...,q where q are the total inequality con-
straints on the minimization problem, then for problems with









The significance of this interpretation of (1) is that the
vector S must make an obtuse angle with all constraint normals
except that, for the linear or outward curving ones, the angle
may go to 90 0 as shown in Fig. 7.1(b). Any move vector, S
satisfying the strict inequality lies, at least partly, in the
feasible region of the space. In other words, there is some
a	 0 for which Dq+l is in the feasible domain.
If W(D) is the objective function, then a useable feasible
3





in addition to the strict inequality of Eq. (7.2) or (7.3). A
vector, S , satisfying the strict inequality of Eq. (7.4) is
guaranteed to produce, for some a > 0, a design D q+l which
reduces the weight W .
Methods of feasible directions are those which proauce an
improving succession of feasible D q vectors by moving in a
succession of useable feasible directions. There are two
general parts to these algorithms. First, a useable feasible
vector must be determined for each step of the iteration and
second, the step size must be determined.
7.3 Finding a Direction
Assuming that a feasible point D 	 has been attained at
W,
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which one or more constraints g j = 0 , j L J where J is
a set composed of the indices of the active constraints and all
other constraints are negative, finding a direction requires to
seek a vector S such that
vg^S < 0
	





If there were no constraints active, ( i.e. if J is empty),
then S could be the same as -VW and the move would be in the
direction of steepest descent. When, however, some constraints
are active, the determination of a suitable S requires the
establishment of an algorithm. There are many ways of choosing
such a direction vector S and hence many different methods of
feasible directions. In the present work, one of Zoutendijk's
methods of obtaining the direction vector has been used and will
now be discussed.
Find the direction vector S and the scalar quantity a
such that
B is a maximum
and
vg^S + e j s < 0 , j e J	 (7.7)
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VWTS + S < 0	 (7.8)
and
some measure of the length of S is bounded
In the present work the direction vector S is normalized by
imposing bounds on the components of S
-1	 <	 s i 	<	 1	 i = 1 ,...,m	 (7.9)
The scalar quantity of in Eq. (7.1) are arbitrary non-
negative constants ( taken as zero or +1, in the present work,
depending on whether the j th constraint is linear or nonlinear).
Clearly, if 6max ' 0 , then the strict inequalities of Eqs. (7.5)
and (7 . 6) are satisfied.
There are other possible normalization s27 and the direction
finding problem will be a linear or nonlinear programming problem
depending on the way the length of the direction vector S is
fixed. For example, if we would have decided to use the Euclidean
norm as the length of S , then in place of Eq. (7.9) we would
require
^T'^'SS<1
This obviously introduces a nonlinear ( quadratic) constraint and
the direction finding problem becomes a nonlinear programming
problem. It is shown by Zoutendijk that this nonlinear pro-
gramming problem may be modified and treated by
131
linear programming. However, the use of Eq. ( 7.9) as the nor-
malization of vector S is simple and leads to the direction
finding problem as an optimization problem of linear programming,
the solution to which is obtained by Simplex^ 8 algorithm. The
normalization of Eq. ( 7.9) biases the direction vector S towards
a corner of the unit hypercube, (i.e. there is a tendency to
produce the vector whose components are +1 or -lj. However,
this was not considered to be a serious disadvantage.
It would be observed from the above that Zountendijk's
procedure of finding the useable feasible direction requires to
solve a secondary optimization problem at each iteration of the
primary optimization problem. However, the secondary optimizat)on
-	 problem is quite easy to solve and the results are usually worth
the extra effort.
7.4 Step Size:
Assuming that a useable feasible vector has been obtained,
the objective of selecting the step length, a 	 is to reduce the
objective function W , as much as possible, while remaining in
the feasible domain. The outcome of such a step length can be:
i
1. The point Dq+l is bounded with respect to a subset
of gj
 which may contain some of the game constraints
that D 




2. The point Dq+l may be an unconstrained minimum with	
i
respect to a	 (Fig. 7.3).
The only possible outcome in our case is (1) since a linear
objective function has no unconstrained minima in any direction.
In other words, the objective function is decreasing at all points
along S . Thus, we can seek a step size as large as possible
without violating any constraint.
The actual determination of step length is a trial and error
technique which involves complicated logical decisions. The general
idea is: (1) to take a trial step, a t , (to reduce the objective
function by a given amount, usually 5 or 10 percent) and (2) to
check the constraints at the trial point; (2a) if they are in vio-
lation, interpolate the worst (i.Q. the largest g j ) violated con-
straint (approximating the constraint to be a linear or quadratic
function of a) which will send us back to a feasible point; (2b) if
the constraints are not bounded or violated, take another step in
the same direction; and (2c) if they are bounded, determine a new
direction.
7.5 The Initial Trial Step Size:
The selection of an initial step size, a t , is to reduce
the objective function a given amount (usually 5 to 10%). To
do this, we express the linear objective function W(Dq + aS)
by a linear function
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W(a) = a + ba	 (7.10)
and given the information








W(a) = Wq + STvWa	 (7.12)
In order to attain a reduction in W of eW , we select 
at
according to
W  + STv ►i	 = Wq - eW	 (7.13)
or
a	 = -	 -eW	 (7.14)t	 tT 
S VW
-►T
a t would be positive since S ' vW is negative from satisfaction
of the strict inequality, Eq. (7.6). Note that a t will be
large if S is nearly perpendicular '-o vW ^.nd smaller as it
is more nearly parallel to -VW.
7.6 Correcting the Step:
Given the trial value of at , the next operation is
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tentatively to take the step
^	 ^	 ^
D t
 = Dq + atSq
and check the constraints at the new point.
There are three possible results of this test:
(a) the point is feasible and not bound
(b) the point is feasible and bound
(c) the point is infeasible
If (a) is the outcome, then another step may be taken in
the same direction. (Cig. 7.4).
Result (b), as mentioned before, is the desired one and
calls for a new solution to the direction finding problem. It
is not, however, a straight-forward proposition to determine that
the point is indeed bound because of the computational problem
of obtaining a point where one or more constraints, g j , are
exactly equal to zero. Therefore, some sort of margin is required.
In order to provide some margin and still keep the point to
be strictly feasible, a point is considered to be bound, in the
present work, if
-E < gj < 0
	
(7.15)
In a sense, the criterion of Eq. (7.15) gives the constraint
some "thickness" and makes it an easier target. This thickness
of the constraint would be, henceforth, referred to as constraint
135
tolerance.
If (c) is the result of a trial step, then presumably
the step was too long and it must be shortened to attain a bound
point. A simple and effective means of modifying the step is to
interpolate the value of the offended constraint. Often more than
one constraint will be in violation and in such a case the inter-
polation is carried out with respect to the worst violated con-
straint, say gk . Denote
gk	 gk








kN) = 9k(Dq + . t 
'S)' 0
then, an interpolation to obtain a bound g k can be accomplished
by assuming g k
 to be ( 1 ) a linear function or (2) a quadratic
function of a	 The quadratic interpolation is used when we
obtain in the design cycle a worst violated constraint which was
bounded in the last feasible design. The need for quadratic
interpolation arises from the fact that the corrected step size
3
	 may turn out to be negative by the use of linear interpolation
i
when the worst violated constraint in any cycle of iteration
happened to be bounded in the last feasible design as shown in
Fig. 7.5. The negative step length results iiAo a move in the
direction opposite to the useable feasible direction which we
obviously do not want.
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In order to carry out the interpolation by assuming a linear
function, the values of the offended constraint are required at
the old (feasible) point and the new (violated) point which are
given by Eqs. (7.16). However, one more piece of information is
needed to perform the quadratic interpolation and this can be
taken as the slope of the constraint g k at the old point.
Linear Interpolation:
A linear interpolation to obtain a bound 9k can be derived
from assuming a linear function
g k(a) = a + ba	 (7.17)
from which
9k^) -- g k (0) = a	 (7.18)
and




b = gk	 _ 9k
	 (7.19)
at
and the desired a I is obtained from
g (N) _ g(0)
	
gk(ad = gk0) 	 + k	
ra t 
k	
aI = 0	 (7.20)
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If the center of the tolerance zone,g k = - 2
	
^^ Lne	 get
rather than g k = 0 , we have from Eq. (7.2C)
g ( N ) _ g(0)
	
9 (0) +	 k---- at k	 aI = - 2	 (7.21)
where from
_	 9 (0)+ e/2
k	 (7.22)
	
a I	 N	 0	 at
g k 	 - gk
the expression on the right
positive from Eqs. (7.16).
tep length, a i , would be
the relative magnitude of
Note that the denominator of
hand side of Eq. (7.22) is always
Hence the value of interpolated s
positive or negative depending on
g(k
0) 
and E/2 . For example,
I9k0) I	 <	 I2)
will result in the negative value of a I . This situation is
depicted in Fig. 7.5. It should be noticed that the negative
step length would be possible only when a bounded constraint of
a feasible design is the worst violated constraint in the
subsequent design cycle. A plot of the value of the offended
constraint in the direction of S approximated as a linear
function of a resulting into the case a I < 0 is shown in
Fig. 7 .6. We notice from this figure that the approximation of
the function , gk(a) by a quadratic between the points gk0)
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and g(N) will give us two positive roots of a I provided the
slope at the point g k
(0) is negative, i.e.
gko) . 





= Sq vg k0) < 0
and this in fact is the definition of the feasible direction,
S 
	 , Eq. (7.2).
Quadratic Interpolation:
A quadratic interpolation to obtain a bound gk can be
derived from assuming a quadratic Function
g k (a) = c + ba + a: 2	(7.23)
from which
9k0) =g k(0) = c	 (7.24)
W O ) = sq Vg (k0) = b	 (1.25)
and




(N)	 (0) _	 (0)'
a = gk




and the desired a I is obtained from
g k (a d = c + ba, + aaI = - 2
	
(7.27)
where the center of the tolerance zone is the target.
We obtain from Eq. (7.27)
_	 -b + 3 b` - 4a(c + c/2)	 (7.28)aI	
2a
We are interested in the largest positive value, as is seen from
Fig. 7.7; therefore,
__	 -b + 3 b2 - 2a(c + 12)	 (7.29)aI	
2a
where the quantities a , b , and c are respectively given by
Eqs. (7.26), (7.25), and (7.24).
It is to be noted that c and b are always negative, and
i
since at is a positive quantity, we have the value of a
Eq. (7.26), to be positive. However, if the slope is very small
at the old (bounded) point such that the discriminant of Eq.
(7.28) becomes a negative quantity, then the quadratic inter-
polation also fails. Geometrically, this means that the
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approximating quadratic function does not cross the line represented
by
gk(a) = - 2
This situation is represented in Fig. 7.8. However, by reducing
the tolerance, i.e. by setting
	




b	 (7.30)a I = - a
which is a positive step length in the direction of S q , as
shown in Fig. 7.9 yielding the desired design point.
7.7 Constraint Tolerance, the Zigzag and the Termination Criterion
The practical necessity of using constraint margins also
relieves us from a phenomenon commonly called, zigzagging. In order
to visualize this problem let us consider a three dimensional design
space with two constraints as shown in Fig. 7.10. At point A,
constraint 1 is active but nest constraint 2 and vice versa at
point B. The "downhill" direction with respect to the objective
function is shown by the arrow. If the direction finding problem
is given only the gradients to the exactly active constraints at 	 R
i
ti
A or B , then the useable feasible direction which results may
point directly at the "almost active" constraint. This produces
I
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a path as shown in Fig. 7.11. One means of avoiding this situation
is to use a substantial tolerance in the determination of the
boundedness of a constraint. Points A or B, by this approach,
are considered bound on both g l
 and 92 and the only useable
feasible directions left are those which are dirEcted more or
less along the intersection of the constraints; thus relieving
us from the zigzag path.
A point ultimately is reached where the gradient vW and
the constraint normals whose indices are included in J so
delimit the direction finding problem that it has only trivial
p
(S = 0
	 B = 0) solutions. It has been shown
27
 that under
normal circumstances this indicates that the Kuhn-Tucker con-
ditions are satisfied and the design is optimal. However, since
the constraint have some constraint margins, the constraint
indices included in the set J are not only those of the bounded
constraints and hence the trivial solution (_^ = 0 ; o = 0) may be
a false indication. What is done, therefore, is to reduce the
constraint tolerance e , say in half, when no useable feasible
direction can be found, and the direction finding problem is
reattempted. This process is reiterated several times. If, after
E is reduced to some level of E f , a direction still can not









Fig. 7.1 Schematic of Useable Feasible Sector
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Fig. 7.2 Linear Objective Function
144
Fig. 7.3	 Non-linear Objective Function
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Fig. 7.4 Continuing Feasible Direction Step
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target design point
,— corrected step size is negative
Constraint
tolerance










Fig. 7.7	 Quadratic Interpolation
agk(a)
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Fig. 7.8 Slope of the Old Bounded Design Point too Small for
Successful Quadratic Interpolation with the Selected
Value of the Constraint Tolerance.
agi,(a)
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Fig. 7.9 Constraint Tolerance Reduced for Successful
Quadratic Interpolation.
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Fig. 7.10 Three Dimensional Design Space. At Point A,








The applicability of the method of analysis and the technique
of minimum weight design, discussed in the previous chapters, is
illustrated through several numerical examples. In all the
examples presented in this chapter, (1) a general planar beam
element having six degrees-of-freedom was used to model the
various planar truss-frame structures, (2) the distributed mass
of the system was used to evaluate the components of the mass
matrix (the "consistent" mass matrix), (3) the Univac 1108
digital computer was used to obtain the numerical results,
(4) random vectors were used as starting points for the minimiza-
tion algorithm to obtain the eigensolution of the initial design
and (5) a ground shock in the form of one-half cycle sine pulse,
Fig. 3.1, was used as the forcing function.
The response quantity of interest in a ground type forcing
function applied to a single degree-of-freedom system is often
the displacement of the mass m relative to the ground, called
the relative displacement. The shock spectrum of a one half-cycle
sine pulse representing the peak relative displacement is shown
in Chapter 4 of Ref. 10 (denoted by X 	 in Fig. 4.3, P. 163).
An idealized form of this spectrum shown in Fig. 8.1 has been
used in the present work. It has been obtained by fitting
p2lecewise smooth curves to the actual spectrum. This rot only
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facilitates the supply of shock spectral information to the compu-
ter, but also enables us to obtain directly the derivative of the
response quantity with changes in the design variables--information
required in the present work as indicated by Eq. (6.9).
All iterative procedures need some kind of termination
criterion. The method described in Chapter 7 indicates that the
optimal design corresponds to a trivial solution of the direction
finding problem (S = 0
	 s = 0 where S is the feasible direc-
tion vector and ^ is a scalar quantity). However, computationally
it is difficult to obtain exac ter zero values. Therefore, in the
present work, a design is considered optimal and the program is
allowed to stop whenever the step length in any feasible direction,
S , is less than .0001 or the value of the scalar quantity s
is	 .0i .
Example (1):
As a simple application, consider the planar truss-frame
shown in Fig. 8.2 consisting of tubular members pinned together
at the nodes. Members' 1', '3 , '4', and ^5' were modeled with two
general planar beam elements while the shortest member, marked
'2', was modeled with a single beam element. Thus, the structure
has 26 degrees-of-freedom. The approximate dynamic analysis was
performed by considering the first sixteen eigenvectors from the
lowest end of the spectrum. The problem of optimum design con-
sists of obtaining the diameters d l , d 2 , d 3 d4 , and d S which




corresponds to members 1 and 3, d2 corresponds to member 2
and b 3 corresponds to members 4 and 5. Thus, -the problem has
three design variables. A starting design with all members of
mean diameter 1.6" resulted into a weight of 19.23 lbs. The
limits on the behavior constraints and the side constraints were
as follows:
yJm 	0.2"	 j = i,2,...,12
v i 	< 45,000 psi	 i _ 1,2,...,9
25 cs^sec. < w l < 90 cs./sec.
140 csVsec. <w k 	k = 2,3,4, and 5
0.8" _ b Q < 2.5"	 Q = 1,2,3
A constraint tolerance of 10% was allowed. The proposed least
weight design turned out to have a weight of 16.76 lbs. with
d l 	= d 3 = 1.51"
d 2 = 0.86"
d4 = d ^ = 1.39"
and five active constraints. The vertical member, mar Ived '2', in
Fig. 8.2 is at its lower bound. The second and the third
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eigenvalues of the structure, A 2 and A3 , are at their lower
bounds and the middle point o-, member, marked W, has a stress
of 40.6 kips/in 2 . All the feasible designs were observed to have
the second eigenvalue, a 2 , constraint to be active.
Example (2):
The two bay planar truss-frame of Fig. 8.3 consisting of
tubular members pinned together at the nodes has 58 degrees-of-
freedom if each rn-mber is modeled with two general planar beam
elements. The system has 10 design variables az each member is
allowed to change independently in the design space. the first
fourteen eigenvectors (starting from the lowest end of the
spectrum) were considered to approximate the dynamic analysis.
The limits on the behavior constraints and the side constraints
were as follows:
yjm < 0.2"	 ,	 j = 1,...,28
m	 < 70,000 psi	 i = 1 ,... ,20
25 cs,sec. < w l < 90 cs^sec.
140 csisec. < wk	 , k = 2,3,4, and 5
0.8" <	 d k	 < 4.0"	 9 = 1 ,2, ... ,10
The first bounded design with member sizes
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d l = d 2 = d4 -r
d 3 = 2.42"
d 	 = d6 = 2.49"
d7 = d8 = d9 = d 10 = 1.91"
had a weight of 29 . 85 lbs. and the second PigEnvalue constraint,
a 2
 , was bounded. The proposed least weight design has a weight
of 19.03 lbs. with














and six active constraints. Members '4, ^6, 8, and "10' in Fig. 8.3
are at the lower bounds and two eigenvalue constraints, A 2 and
a 3
 are at the lower bounds. An interesting observation is that
the members marked 4, 6'. and X10' are at the lower bounds and if
we eliminate these members from the structure, the resulting
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structure is still statically stable. Hence, a modified structure
as shown in Fig. 8.4 was considered.
Example 3(a)
The structure of Fig. 8.4 consisting of tubular members pinned
together at the nodes has 41 degrees-of-freedom if each of its
members is modeled with two general planar beam elements. The
forcing function, the lumped masses and the limitations on the
behavior constraints and side constraints were taken to be the
same as those on the structure of Fig. 8.3, Example 2. The first
eleven eigenvectors (starting from the lowest end of the spectrum)
were considered to approximate the dynamic analysis. An initial
design with all members having a mean diameter of 2.5" had a
weight of 25.21 lbs. A single move in the direction of steepest
descent and a step length corresponding to 10% decrease in weight
resulted in a bounded design, Fig. 8.5, having a weight of 22.69
lbs. The second eigenvalue constraint, A2 , is active. The
proposed least weight design is shown in Fig. 8.6. It has a weight
of 16.46 lbs. and has three active constraints. The member '1'
in Fig. 8.4 is at its lower bound and the eigenvalue constraints
A2 and A3 are bounded.
A plot of the cumulative number of analyses performed to
obtain the bounded designs and their weight is shown in Fig. 8.7.
The complete analysis of the initial design, using random vectors
as starting points for the eigenvalue analysis, took about 40
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seconds for this system of 41 degrees-of-freedom and 7 variables
in the design space. The time taken for the analysis of inter-
mediate designs varied from 15 to 25 seconds. Out of the total
weight reduction of 27.4%, 27.2% of the weight was reduced in the
first fifteen analyses as seen from Fig. 8.7. This took approxi-
mately 310 seconds including the analysis of the initial design.
The value of the scalar quantity, s at the fifteenth
analysis is .015 and at the thirty-sixth analysis is .002. The
almost flat plateau and the slow rate of decrease of weight between
the fifteenth and the thirty-sixth analyses is considered to be a
manifestation that the optimum design has been attained.
The first six frequencies (starting from the lowest end of
the eigenvalue spectrum) of the proposed optimum design are marked
on the idealized shock spectrum, Fig. 8.8.
In order to test whether the least weight design of Fig. 8.6
corresponds to a local minimum or the absolute minimum in the
design space, the example was rerun with a different initial
starting design as follows:
d i = d2 = d 3 = 3.0"
d4 = 2.0"
d 5 = d 6 = d 7 = 1.5"
A plot of cumulative number of analyses performed to obtain
the bounded designs versus the +eight of the bounded designs is
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show-i in Fig. 8.9. This plot is similar tc that of Fig. 8.7 and
the least weight design obtained (weight = 16.43 lbs.) is also
similar to that of Fig. 8.6. Merely on the basis of two trial
starting designs, it is hard to say that the minimum obtained is
the absolute minimum over the design space; however, finding the
similar least weight design by starting from two different initial
designs is at least a pointer in that directicn.
Example 3(b)
All the examples considered so far show that the proposed
least weight designs have active eigenvalue constraints. Hence,
the structure of Fig. 8.4 was reconsidered, this time with the
reduced lower limits on the frequency constraints. Furthermore,
the lower limit on the size of design variables and upper limit
on maximum stress was also reduced. The new limitations imposed
on the optimization problem were:
yam < 0.2"	 j = 1,2,...,20
am	 < 50,000 psi	 ,	 i = 1,...,14
25 cs,/sec. < wl
0.6 < d Q	 "	< 4.0	 ,	 = 1,...,7
A starting design, Fig. 8.10, with all members having a mean
diameter of 2.5" and a weight of 25.21 lbs. happened to be bounded
with the maximum stress at the middle point of member marked '3'
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on Fig. 8.4 at its upper bound. The proposed least weight design,
Fig. 8.11, has a weight of 10.60 lbs. Two members marked '4'
and '5' on Fig. 8.4 are at the lower bounds in this design and
the members marked '1', 1 3', '6', and '7' are fully stressed since
the maximum stresses at the middle and the end points of these
members are at their upper bounds. Furthermore, the maximum stress
at the middle and the end points of member marked '2' is almost at
its upper bound. Thus, we observe that this proposed optimum
design has a character where either the members are fully stressed
or are at their lower bounds. A plot of cumulative number of
analyses performed to obtain the bounded designs versus the
weight of the bounded designs is shown in Fig. 8.12. The time
taken for the analysis of the initial design was about 40 seconds
'	 while that for the intermediate analysis varied from 1,0 to 15
seconds. The proposed least weight design has a value of s
equal to .012.
The first seven frequencies (starting from the lowest end of
the eigenvalue spectrum) of the proposed optimum design are marked
on the idealized shock spectrum, Fig. 8.13.
The mode shapes corresponding to the first six eigenvalues
(starting from the lowest end of the eigenvalue spectrum) of the
proposed optimum design are shown in Figs. 8.14(a) to 8.14(f).
The peak modal participation coefficients, Ic i Fp (w i )l, and
the axial and bending stressei in each member of the structure




Consider as another illustrative example a three storied
planar frame; Fig. 8.15, consisting of tubular members rigidly
joined at the ends. Assuming the columns and the beam members to
be inextensional, the structure turns out to have -15 degrees-of-
freedom if *he column members are modeled with one beam element
and the beam members are modeled with two beam elements. A
uniformly distributed mass of 0.25 lbs./inch is considered to be
superimposed on the beam members of the structure. Only the
dynamic analysis of the structure is considered taking the
complete eigensolution of the problem. The limitations imposed
on the behavior constraints are
yjm < MO I,	 j = 1,...,6
am	 < 95,000 psi	 ,	 i = 1,...,12
0.48 csVsec. < wi
9.0" < d^ < 36.0"	 = 1,...,6
The six design variables correspond to the mean diameters of
the columns and beam members of each floor.
An initial starting design shown in Fig. 8.16 turned out to
be bounded with a weight of 457094 lbs. The frequency constraint
is active. The proposed least weight design, Fig. 8.17, has a
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weight of 220886 lbs. and has five members marked '2', '5', '7',
'8' and '9' at their lower bounds. The frequency constraint is
active.
A plot of cumulative number of analyses performed to obtain
the bounded designs versus the weight of the bounded designs is
shown in Fig. 8.18.Out of a total of 52% reduction in weight,
51.8% reduction was accomplished in only 13 analyses as seen from
Fig. 8.18. The value of scalar quantity a was equal to .006
in the thirteenth analysis. The exit criterion to stop the pro-
gram on the value of the scalar quantity a was changed from
.01 to .001 and the problem was rerun. The value of ^ obtained
at the 39th
 analysis is .0012. Once again the almost flat
plateau on Fig. 8.18 indicating the slow rate of decrease of
weight is taken to be a manifestation that the optimum design
has been attained. The analysis of the initial design took about
25 seconds while that of the intermediate designs took 10 to 12
seconds. The tighter convergence criterion was used in the
eigenvalue analysis where
	
1•unction value was made to converge
u pto eighth decimal place as against sixth decimal place in the
previous examples.
The first eight frequencies (starting from the lowest end of
the eigenvalue spectrum) of the proposed optimum design are
marked on the idealized shock spectrum, Fig. 8.19 .
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Example 4(b)
The structure of Fig. 8.15, Example 4(a), was redesigned with
relaxed limitations on the frequency constraints. The restrictions
imposed on the behavior and side constraints are
yjm 
om	 < 55,000 psi ,	 i = 1,...,12
0.1 cs, sec. < wi
9.0" < 6 R < 36.0"
	 z = 1,...,6
A bounded design with a weight of 242919 lbs. shown in
Fig. 8.20 was used as a starting design with members marked '5'
and '8' on Fig. 8.15 at their lower bounds and the stresses in
the columns at the ground point were at the upper bounds. The
proposed least weight design, Fig. 8.21, has a weight of 217871
lbs. and has all the beam members at their lower bounds and the
stresses in the columns marked '7' and '9' on Fig. 8.15 are at
the upper bounds. A plot of cumulative number of analyses performed
to obtain the bounded designs versus the weight of the bounded
designs is shown in Fig. 8.22. The value of the scalar quantity,
s , at the proposed optimal design is .039 but the step length in
the subsequent feasible direction was very small (below .0001) and
hence the program was terminated. Out of the total decrease of
10.3% weight, 10.25% of the weight was reduced in the first three
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analyses. The character of the proposed optimal design, Fig. 8.21,
gives rise to some doubts. The size of the column members marked
'4' and '6' on ii, 8.15 might be expected to be smaller in size
than those mark3L '1' and '3'. The maximum stress on the column
members markF.' ' 4'	 '6' is only 21 kips/in 2 at the proposed
optimal design. -his low value of maximum stress would obviously
go up, if the member size were decreased. The higher value of a
(^ = .039) all along the almost flat plateau on Fig. 8.22 also
leads one to suspect that the proposed optimal design may not be
the minimum weight design and that there might be a numerical or
other computational problem associated with the direction finding
problem or the computation of the constraint surface normals.
The problem when started from a different initial design did not
show any better results. Further investigation is needed to get
a deeper insight into the nature of this problem.
The first seven frequencies (starting from the lowest end of
the eigenvalue spectrum) of the proposed optimum design are marked
on the idealized shock spectrum, Fig. 8.23.
The mode shape corresponding to the lowest eigenvalue
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Fig. 8.4 Planar Truss-Frame; 41 D.O.F.
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Fig. 8.5 First Bounded Design
(Weight - 22.69 lbs.)
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Fig.8.10 First Bounded Design
(Weight -25.21 lbs.)
Fig.8.11	 Least Weight Design
(Weight-10.60 1bs.)
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Fig. 8.12 Cumulative Number of Analyses Performed
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Fig. 8.14(a) Mode shape no. 1, Frequency = 33.6 cycles/sec.,
Peak Modal Participation Coefficient = 0.086





Fig. 8.14(b) Mode shape no. 2, Frequency = 99.0 cycles/sec.,









Fig. 8.14(c) Mode shape no. 3, Frequency = 145 cycles/sec.,
Peak Modal Participation Coefficient = 0.011
Fig. 8.14(d) Mode shape no. 4, Frequency = 196 cycles/sec.,


















Fig. 8.14(e) Mode shape no. 5, Frequency = 205 cycles/sec.,
Peak Modal Participation Coefficient = 0.003
Fig. 8.14(f) Mode shape no. 6, Frequency = 328 cycles/sec.,
Peak Modal Participation Coefficient = 0.000+
(NOT TO SCALE)
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Fig. 8.2 0 First Bounded Design
(Wt. = 242919 lbs.)
9.361)
Fig. 8.21	 Least Weight Design
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Fig.8.24 Mode Shape Corresponding
To Lowest Eigenvalue No. 1




SUMMARY, CONCLUSIONS AND RECOMMENDATIONS
The present effort demonstrates the feasibility of auto-
mated optimum design for structural systems consisting of linear,
planar, straight, one-dimensional members. The analysis method
presented represents an application of the discrete element dis-
placement method to the prediction of upper bound displacements
and stresses at any point of an elastic planar truss-frame
structure within the framework of a dynamics technology. The
shock spectral approach has been used with the modal superposition
method to obtain a conservative estimate of the response quantities
(displacements and stresses) in multi-degree-of-freedom linear
system. The eigensolution is obtained by minimizing the kayleigh
quotient employing the conjugate gradient method.
As should be true with the development of any synthesis pro-
gram, the analysis and the optimization of the planar truss-frame
structure have been viewed simultaneously. An efficient synthesis
program can be developed only if advantage is taken of the
characteristics of the problem at hand. It has been realized,
at least in principle, that in the automated optimum design of
structures, with difficult analysis, a reanalysis of the inter-
mediate designs should be performed only when it is expected that
effort expended in analysis will be worthwhile. Since the analysis
consumes the majority of the computational effort in the present
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work, it is an indication that redesign should be done with a great
deal of care. It is because of this that a direct attack on the
cptimization problem has been attempted by using the method of
feasible directions, using the constraints explicitly. This
necessitated information regarding th; dependence of the behavior
quantities upon the design variables, Aich has been obtained
in closed form thus providing the normals to the constraint
^faces in the design space.
The results from the present study 1 •iad to certain conclusions
which are grouped in Section 9.2. A set of recommendations to
extend the scope of structural synthesis under dynamic response
restrictions is presented in Section 9.3.
9.2 Conclusions
(1)	 In order to perform the dynamic analysis of a planar
truss-frame system, the structure should be modeled using general
planar beam elements having six degrees-of-freedom, three (the
axial deformation, the transverse displacement and the rotation)
at each end.
i
	 (2)	 A reasonably accurate dynamic analysis of the structure
3
i	
can be performed by considering only a partial eigensolution
starting from the luwest end of the eigenvalue spectrum.
(3)	 A refined modeling enables the assumed modes of the
compatible elements to fit closer to the exact mode function of
the structure and hence, by refined modeling, a reasonably accurate
estimate of the stresses at any point on the members of the
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truss-frame system can be made by the use of spatial derivatives.
(4) The minimization of Rayleigh quotient is ?n efficient
method of obtaining the partial eigensolution within the structural
synthesis framework where dynamic t =vior is considered. This is
because the method is iterative and converges quite rapidly when
reasonable initial estimates of the eigenvector are available. As
the optimum structural design is evolved, the eigensolution gener-
ally cnanges only incrementally from design to design. Hence, the
previous solutions provide goad initial estimates of the eigenvector.
(E) The interaction between the individual member frequency
and the overall structure frequency results in	 closely spaced
eigenvalues
	 for symmetric truss-frame systems. In other words,
certain modes of the truss-frame structure are predominately the
vibration modes of the long members of the structure.
(6) The mode shapes change positions, in the sense that their
appearance in the spectrum of eigenvalues shifts from design to
design, and hence, even though the index of the frequency (or the
eigenvaiue) constraint may remain the same due to the sequence in
the spectrum of the eigenvalues, yet the behavior constraint
corresponding to it may be quite different.
9.3 Recommendations
(1) A need for rapid reanalysis of modified trial designs
was recognized. Since the eigenvalue analysis consumes the majority
of the computational effort of analysis of the structure, the author
explored the possibility of approximating the eigenvalue analysis
of new designs. This method uses the expressions for the rates of
191
change of eigenvalues and eigenvectors with respect to the design




is the eigenvalue corresponding t
	
ith natural
frequency of a design I where a denotes the r-component vector
of design variables for the structure. Suppose further that the
design variables undergo a change of oa	 (A61,A62,...,A' r)
An approximation to the i th eigenvalue of the new design 6* is
given by
ai + oaT va i = a1 E)
	(9.1)
where va i
 represents the vector ( ^i l ,a i 2'"'' X i r) an`i Xi Ii
denotes aa i /aai , Eq. (5.12). Furthermore, if X i is the
associated eigenvector, then
	
A i	 - Xi +	 i	
_ 1E)
where the n x r matrix
[ vX 0 _ [Xil1,Xi,2,...,Xi},r]
and X i,j denotes aX i /a63 , Eq. (5.33). Using the Rayleigh




XE) [K*] XiE)i 	 (R)
	
i	 Xi E) [M*] 
XiE)	
t
where [K* ] __ [K(a*)] and [M* ] - [M(a* )] .
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Though the method of approximate eigenvalue analysis shows
promise 23 , yet it was not used in the present work pending more
careful study and the logical decisions as to when the approximate
analysis should be performed in the synthesis program. A rapid
reanalysis is the key factor in speeding the synthesis and hence
additional research on developing and improving the efficiency of
analysis is in order.
(2) It has been observed in the course of reanalysis that
certain eigensolutions take more iterations to converge than
others. This needs some further investigation.
(3) It has been observed, at times, that the analysis of a
similar design is not exactly similar. This could be because of
the use of a less stringent convergence criterion on the con-
vergence of the Reyleigh quotient function. There is a con-
siderable saving of time in obtaining the eigensolution by choosing
a less stringent convergence criterion. However, although the
error does not seem to proragate from eigenvalue to eigenvalue,
the eigenvFctors so obtained l are not as accurate as those obtained
by the more stringent convergence criterion. Since the estimates
of upper bound displacements and stresses are dependent on eigen-
vectors it is expected that the use of stringent convergence cri-
terion might result in a similar analysis. It may also be a sort
of numerical problem. The number of operations involved to carry
out the analysis is rather large and round off errors may be
accumulating leading to slightly dissimilar analysis results
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for similar designs.
(4) The overestimation of the response quantities (upper
bound displacements and stresses) discussed in Chapter 3 can be
avoided by taking a different approach to analysis and synthesis.
The analysis can be accomplished by obtaining the solution of the
system of differential equations as a function of time. The
involvement of time parameter in the behavior variables would
introduce another dimension of difficulty in the design problem,
since all limitations imposed on behavior functions must be
satisfied continuously in time. This aFDroach to the dynamic
analysis of the structure would require a different method to
attack the optimization problem. It seems that the extension of
the SUMT method 30 by using a generalized form of the Fiacco-
McCormick penalty function in an integral form 31 might make
consideration of limitations on transient behavior tractable.
In this optimization approach, the objective function is augmented
with a penalty term which is small at points away from the con-
straints in the feasible region, but which "blows up" as the
constraints are approached. The function which is sequentially
minimized is given by
D,r) = W(D) + r I I	 dt	 + I	 1^ .	 (9.4)
L j=1 IT gj (6.t)	 k=s+1 gk(D)
where W is toe weight function which is to be minimized over all
D satisfying q.(D,t)	 0, j = 1,2,...,s ; 0 < t 	 and
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gk (D) < 0 , k = t+l...,m . The penalty parameter, r , is made
successively smaller in order to obtain the constrained minimum
of W .
The approach suggested in the preceeding paragraph will be
altogether new to handle the automated optimum design of structures
under dynamic response restrictions. Further research in the
direction pointed out and comparison with the present work might
lead the way towards the select-*on of the optimization technique
and the development of the method of analysis for structures where
dynamic behavior is to be considered.
(S) In order to improve the design philosophy used in the
present work, the following failure modes should be guarded:
(a) Failure modes due to the static loads. (static
displacement, static stress and elastic
instability modes).
(b) The fatigue failure.
(b) Investigations for multiple dynamic load conditions is
another area of research in the automated optimum design of
structures under dynamic response restrictions.
(7) An obvious extension of the present work is to apply the
procedure of analysis and automated optimum design discussed in
the present work to space frame structures. This would require
decisions regarding the estimation of upper bound stress at any
point on a member of a space frame which in general would be
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subjected to stresses due to an axial deformation, bending of the
member in the two planes and a torsion.
(8) Further research effort could explore the application
of the procedure to the plate and shell structures. This would
require considerations about the estimation of upper bound stress
and the failure criterion. Furthermore, the number of degrees-of-
freedom associated with plate and shell elements are more than
those associated with beam elements and this will place additional
burden on the storage capacity of existing digital computers.
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APPENDIX I
THE HERMITE INTERPOLATION FORMULA
An approximation polynomial which is equal to the function
it approximates at a number of specified points is called an
interpolation formula. A generalization of the interpolation
formula is obtained by requiring agreement with not only the
function value, f(x) , but also with the first N derivatives
of f(x) at any number of discrete set of distinct points Xi
i = 1,2,...,n+1 . When N = 0 , i.e. when only the function
values are required to agree at each point of interpolation, the
interpolation polynomial is called Lagrange interpolation formula,
whereas for the case of N = 1 , i.e., when the function and its
first derivative are to be assigned at each point of interpolation,
the procedure is called the Hermite or Osculatory interpolation.
If higher derivatives of f(x) are assigned, i.e. when N > 1
we obtain Hyperosculatory interpolation formulae.
Le*_ us consider the planar truss element and the general
planar bean element, respectively shown in Figs. 2.2 and 2.4.
We need an interpolation formula which will enable us to generate
a displacement state for these elements having the property that
the displacements at the end depend only on the degrees of freedom
at that end. We would see that by using Hermite interpolation it
is possible to generate such a displacement state. Moreover,
such interpolated displacement functions turn out to be the exact
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solutions to the homogeneous differential equation of the statics
problem for the element under consideration.
Let us denote H ( N ) W  to be the Hermite interpolation
ki
polynomial where N is the number of derivatives the set has to
interpolate, k is an index varying from 0 to N and j corres-
ponds to the station index, i.e., the j th point of the discrete
set of distinct points of interpolation. in our case, the points
of interpolation for both the truss and beam elements are only
two — ti! left and the right ends of the elements. The left end
would be taken to correspond to j = 1 ( x i = 0) and the right
end would be j = 2 (x2 = 0 , where z is the length of the
elements. These polynomials have the properties:
HO^ ) (x i ) = 8ij
d H ( N ) (x)/dx	 = 0
I X=X i




dNH (N) (x)/dxN `	 = 0Oj	
x=xi
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dNH^^ ) (x)/dxN l	 = 0
x=xi
N+1 :	 H(N)







aij is the Kronecker delta, i.e.,
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bid = 0	 0	 i # J
and
6iJ = 1	 ,	 i = j
I.2 Planar Truss Element:
A planar truss element is shown in Fig. 2.2 and has four
degrees-of-freedom. Any point on the element, in general, under-
goes an axial deformation and a displacement normal to the axis
of the element. Let a displacement state be defined as:
U(x) = u 1 P 1 (x) + u2P2(x)
and
	 (I.2)
w(x) = u 3 P 3 ( x ) + u4P4(x)
where
u(x) is the displacement function along the axis of the
element, u 1
 and u2 are the longitudinal displacements of the
element at its two ends, w(x) is the displacement function
normal to the axis of the element, u 3 and u 4 are the displace-
ments normal to the axis of the element at its ends, x is
measured along the length of the element and its origin is taken
to be on the left end marked '1' on Fig. 2.2. The polynomials
P I (x) , P2 (x), P 3 (x) and P4 (x) have the property
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This structure corresponds to Hermite Polynomial for the
case of N = 0 . We have, therefore,
P
1 (X) = H(0) (x) = P 3 (X)0 1
and	 (1.4)
P2 (X)






= P4 ( X )
we obtain
u 1 H ( ^ ) (X) + u2H(0)(x)
(I.5)
u 3H(0) ( X ) + u,,H (0)( X)
has to satisfy the conditions
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H o 0) (x l ) = 1
	 H(0)(x2) = 0	 (I.6)
A polynomial of degree 1 will have the required number of unde-
termined coefficients to satisfy the two conditions of Eqs. (I.6).
Therefore, let
H(0)(x) = a + bx	 (I.7)





H(0)(x) _ - x
-I	 (I.8)1 
Similarly we can obtain
H (0) (x) = R
	
(I.9)
These polynomials are sketched in Fig. I.1.
I.3 General Planar Beam Element
A general planar bears element is shown in Fig. 2.4 and has
six degrees-of-freedom. The axial degrees of freedom u l and
u2
 are uncoupled to the transverse and the rotational degrees of
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freedom u 3 to u 6 . Let a displacement 7.atement be defines! as
U(x) = U 
I 
P 




W(X) = u 3P 3 (X) + U 4 P4 (X) + U 5P 5(X) + U6P6(X)
where U(x) is the displacement function along the axis of the
element, u 	 and u2 are the longitudinal displacements of the
element at its two ends, w(x) is the deformation `unction normal
to the axis of the element, u 3
 and u4 are the displacements
normal to the axis of the element at its ends, u 5 and u 6 are
the rotations at the two ends of the element, x is measured along
the length of the element and its origin is taken to be on the
left end marked '1' on Fig. 2.4. The polynomials P 1 (x) to








P2 (x)I	 = 0	 P2(x)I	 = 1
x=0	 x=Q
P3(x)Ix=O  = 1	 P3(X)Ix=R = 0





P 	 = 0
	 P4 W	 = 1
	x=0	 x=k






















=0	 ,	 P6(x))	 = 1
	
x=0	 x=^.	 (I.11)
where the prime denotes first derivative with respect to x .
Comparing this structure with that of Eqs. (I.2) we obtain
P 1 (x) = H(0)(x)
P2 (x) = H(0)(x)
P 3 (x) = H0;)(x)
P4 ( x ) = H(l)
(1.12)
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From Eqs. (I.10) and (I.12) we obtain
U(X) = u 1 H (0) (x) + u2H(0)(x)
and
(I.13)
w(x) = u H (1) (x) + u H (l) (x) + u H (l) (x) + u H(l) (x)3 01	 4 02	 5 11	 6 12
Axial displacement being independent of the transverse de-
formation, we notice that the axial displacement function for the
planar truss element and the general planar beam element is
identical and therefore, the polynomials H (0) (x) and H(0)(x)01	 02
of Eq. (I.12) are respectively given by Eqs. (I.8) and (I.9).
The polynomial Hoi ) (x) has to satisfy four conditions
H (l) (x l ) = 1
	 H M01 (x2 ) = 0
(I.14)
d H 01 (x)	 d Hol)(x)
0	 = 0
dx	 x=x1	 dx	 x=x2
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A polynomial of degree 3 will have the required number of undeter-
mined coefficients to satisfy the conditions of Eq. (I.14).
Therefore, let
Hoi ) (x) = a + bx + cx 2 + dx 3
	(I.15)
From Eqs. (1.14) and (I.15), we obtain
a = 1
b = 0






Ho',)(x) = 13 (2x 3 - 3Rx 2 + R3 )	 ( I.16)
Similarly, we can obtain
H02 ) ( x) _ - 13 (2x 3 - 3.x 2 )	 ( I.17)
X
H(l) W = 1
	
(x 3 - 2Rx 2 + k2x )	 ( I.18)
and
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Fig. I.2	 Osculatory Polynomials.
APPENDIX II
PROCEDURE TO OBTAIN [Q R ] -1 FROM [QR_1]-1
As discussed in Chapter 4, [Q Q ] -1 is given by:





6 2	 I	 B 3
(I1.1)
where
[ B 1] = [A 1 ] -1
 + s C[A 1 ] -1 A 2 A2 [A1] /
	
B2	 = - 
s ([




B 3	 = s
	











It is presumed that







[Nk-1] = [ej , V1 , V29 ... ,Vk -2]
Therefore, from Eqs. (II.3), (IIA ), (II . 5), and ( II.6), we obtain
1
s = vg


















is the "projection" matr;:^.
The projection matrix, Eq. ( II.8), has a neat property that
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the vectors [ P R-1 ]W and	 [I] - [ P
R'-1 ] W	 are orthogonal. This
can be seen by mere multiplication of the two vectors:
1
WT p k- 1 ] [I] - [P'-1] W = WTI] - [N R -1 ] (
1















	([N R-1 1T[N e- 1 ]) - [I]
The term within the brackets { } on the right hand side of
Eq. (II.9) is identically zero and hence we obtain
WT 
[PZ-1 ] ([I] -
 [P Z
-1] W = 0	 (II.10)
Eq. (II.10 can be rewritten as
WT[P t -1 ]W 
= wT[PR- 1][Pt-1]W = ( 	 (II.11)
Therefore, we obtain from Eq. (II.7)
S = J
	 VZ-112	 (II.12)
Note that the projection matrix [P R-1 ] is already known
and thus to obtain s from Eq. (II.12) is computationally more
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	 [N,_, ]T VR-1
(II.13)
then from Eqs. (II.8) and (II.13) we obtain
[PR-1 ] ^^-1	 ^^ -1 - [N ^ - 1 ] rQ-1	 (II.14)
Furthermore, from Eqs. (II.5), ( II.13), (II.14) and ( II,2) we
obtain
1
[B1] = ([NZ-11T [N 
Z- 13)







B = 13	 s
Thus the procedure to obtain [Q R ] -1 from [Q,_ 1 ] -1 can be
summarized as:
1.	 Compute the vector r,_ 1 from Eq. (II.13) as
two matrix vector multiplications.
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2. Compute the scalar, s , from Eq. (II.14)
and (II.12).
.,
3. Compute the matrix [B I ] , the vector E.
and the scalar B 3 from Eq. (II.15).
4. Form the desired [Q.1 -I from Eq. (II.1)
APPENDIX III
TRANSFORMATION BETWEEN REFERENCE AND LOCAL COORDINATES
Let SR be an rx(t+l) table whose first column contains
the element numbers arranged from 1 to r and whose rows contain
in the remaining t columns the corresponding local consistent
coordinates of the elements, replaced one to one by the number
of the corresponding degree-of-freedom of the structure in the
reference coordinate system. The i th row of the SR table
is used to obtain the (txl) vector Yi , i = 1,2,...,r from
the (nxl) vector X . Y 	 is the displacement vector of the
i th element corresponding to the generalized displacement vector
X of the system. As an illustrative example, consider the
simple cantilever beam shown in Fig. III.1, which is modeled
with three general planar beam elements. Thus, the number of
elements, r , is 3, the local degrees of freedom of an element
in the reference coordinate system, t , is 6, and the number of






Element Displacement Displacement Rotation
No. At End At End of End
P	 Q P	 Q P	 Q
1 0	 1 0	 2 0	 3
2 1	 4 2	 5 3	 6
3 4	 7 5	 8 6	 9






















X 3 X6 x9
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Thus we can say that
SR	 a
Y i -^--	 - X
i.e., the vector X is transformed to the vector Y 	 through
the i th row of the SR tableau, where the nonzero components
3
of the vector Y  are the components of the vector X associated







Fig. III.I	 Cantilever Beam
APPENDIX IV
COMPUTER PROGRAM
This appendix consists of four major sections. Section IV.2
contains a description of each of the eleven Fortran Subprograms
which ma', e up the complete program for the automated minimum weight
design of planar truss-frame system. A flow diagram of MAIN pro-
gram and the listing of each subprogram is also included.
Section IV.3 contains a description of the necessary input
data.
Section IV.4 describes the output data.
Section IV.5 contains a listing of the input data deck and
representative portions of the printed output for a typical
illustrative example.
IV.2 The Program
The complete program for automated minimum weight design
of the planar truss-frame system consists of (A) a main program
which reads the input data, checks the side constraints for the
initial design, evaluates the element stiffness and mass matrices,
controls the flow through various subroutines, checks the con-





1.	 (a) Name of Subroutine: 	 FBMIN
(b) Argument List: M, RDF, NDFS, SR, KR, MR
M: Total number of elements.
RDF: Number of degrees-of-freedom of an element in
system coordinates.
NDFS: Number of degrees-of-freedom of system-
SR: Assembly control table.
KR: Element stiffness matrix in system coordinates.
MR: Element mass matrix in system coordinates.
(c) Common Variables: SDIFF, AA, BB, NUMER, DENOM, VEC,
BX, MIN, MIND, ITFR, OMEGA, VALU,
VECO, ID
SDIFF: Scalar; Denotes convergence of Rayleigh quotient
function; [MAIN]
i
AA: Vector; Denotes [K]X, where [K] is master
stiffness matrix and X is generalized dis-
placement vector; [FANDG, KXMX, ANAL, DRESP,
MAIN]
BB: Vector; Denotes [M]X, where [M] is master
i
mass matrix and X is generalized displacement
vector; [FANDG, KXMX, ANAL, DRESP, MAIN]
NUMER : Scalar; Denotes XT[K]X; [FANDG]
•4.
The names of subprograms within brackets are those to which





Scalar; Denotes XT[M]X ; [ FANDG]
	
VEC:	 Counter; Denotes the number of eigenvalues-
eigenvectors beinq searched; [FANDG, PROD,
INGEN]
	
BX:	 Matrix; The i th column of BX represents the
vector	 [M]Xi	 where	 [M]	 is master mass matrix
and	 Xi 	 represents the	 i th	 eigenvector;
[FANDG]
MIN: Counter; Denotes the current component number
of the eigenvector which is set to one; [FANDG]
MIND: Counter; Denotes the old component number of
the eigenvector which was set to one; [FANDG]
ITER: Counter; Denotes the number of iteration of the
conjugate gradient method; [FANDG]
OMEGA: Vector; The components of OMEGA represent the
frequencies (Square root of eigenvalues);
[ANAL, DRESP, MAIN]
VALU: Vector; The components of VALU represent the
eigenvalues; [DEIG, MAIN]
VECO: Matrix, The rows of VECO represent the eigen-
vectors; [ANAL, DEIG, DRESP, MAIN]
ID: Counter; Denotes the number of analysis,[MAIN]
(d)	 Purpos e: To compute the eigenvalues and associated
eigenvectors.	 This subroutine contains
three subroutines:
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(1) 'FANDG' - to compute the function (Rayleigh quotient)
value and to evaluate the gradient vector to the
Rayleigh quotient at any point.
TT(2) 'PROD' - to compute the product ([N][N N] -1 [N] )W
where
[N] - BX
and W is any vector in system coordinates.
i




2.	 (a) Name of	 Subroutine: KXMX
(b) Argument List: NDFS, SR, X, KR, MR, LBB
	
NDFS:	 Number of degrees-of -freedom of an element in
system coordinates.
	
SR:	 Assembly control table.
	
X:	 Vector in system coordinates.
	
KR:	 Element stiffness matrix in system coordinates.
	
MR:	 Element mass matrix in system coordinates.
	
LBB:	 Logical; L.RB = -TRUE- provides the nor-
malized vector BB - [M]X	 (Euclidean norm
of the vector is equal to one).
(c) Common Variables: AA, BB, Y
	
AA:	 Vector; Denotes [K]X where [K] is master
i
stiffness matrix and X is generalized
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displacement vector; [FBMIN, FANDG, ANAL,
DRESP, MAIN]
	
BB:	 Vector; Denotes [MIX , where [M] is master
mass matrix and X is generalized displace-
ment vector; [FBMIN, FANDG, ANAL, DRESP,
MAIN]
	
Y:	 Matrix; The i th row of the matrix denotes
the displacement vector of the i th element
corresponding to any generalized displacement
vector X in system coordinates; [DRESP]
(d) Purpose: To compute the vectors [K]x' and [M]X
where [K] and [M] are respectively the
master stiffness and mass matrices of the
structure and X is any vector in system
coordinates. Note that master stiffness and
mass matrices are not assembled and the desired
vectors are obtained by the use of only element
stiffness and mass matrices.
	
3.	 (a) Name of
	Subroutine:	 SHOCK




Number of eigenvectors used for modal
transformation.
X: X- coordinate of the spectrum-
Y: Y-coordinate of the spectrum.
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DY: Rate of change of the spectral curve.
(c) Common Variables: PF, XG
PF: Scalar; Denotes the frequency of the forcing
function in radians/sec.; [MAIN]
XG: Scalar; Denotes the maximum ground displacement
due to the forcing function; [MAIN]
(d) Purpose:
	
To compute the peak response and the rate
of change of peak response with respect to
the frequency of a single degree-of-freedom
mass-spring oscillator from the idealized
shock spectral curve for a one-half cycle sine
wave acceleration pulse.





RDF, TRR, TL, NP, PX, HPY, HPW
RDF: Number of degrees-of-freedom of an element in
system coordinates.
TRR: Transformation matrix which transforms a dis-
placement vector of an element in the system
coordinates to the displacement vector of the
element in the element coordinate system-
TL: Length of element,
NP: Number of points at which the upper bound




PX:	 Vector; The components of which represent the
distance of the points along the length of an




	 T (u)T (x) [T]	 where
f( ) (x) is given by Eq. (3.31) and [T]
represents the transformation matrix TRR
T
	
HPW:	 Vector representing	 r(w) (x) rT)	 where
r(w) (x) is given by Eq. (3.32) and [T]
represents the transformation matrix TRR•
(c) Common Variables: There are no common variables in this
subprogram.
(d) Purpose: To compute the components of the vectors
r (u) (x), Eq. (3.31), and r (w) (x), Eq. (3.32),
and to evaluate the vectors r (u)T (x) [T] and
F 	 [T] where the transformation matrix
[T] - TRR is given by Eq. (3.37).
5.	 (a) Name of Subroutine: ANAL
(b) Argument List: M, RDF, SR, EG, XG, PF
	
M:	 Total number of elements.
	
RDF:	 Number of degrees-of-freedom of an element in
system coordinates.
	
SR:	 Assembly control table.
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EG:	 Vect©r containing one or zero as its components
and which when multiplied by scalar function,
f(t), gives the generalized force vector.
XG:	 Maximum displacement of the Ground in iiiLhes
corresponding to the acceleration pulse.
PF:	 Frequency of the forcing function in radians/
ser.
(c) Common Variables: KR, MR, TR, AA, BB, D, E, L, YC,
DYC, C, PROD, PY, PW, VECO, OMGA,
YM, SIGMA
KR:	 Element stiffness matrix i n reference coordinate
system; [FANDG, DRESP, MAIN]
MR:	 Element mass matrix in reference coordinate
system; [FANDG, DRESP, MAIN]
T4:	 Transformation matrix which transforms a
displacement vector o f an element in the
system coordinates to the displacement vector
of the element in the element coordinate
system; [DEIG, MU N]
AA:	 Vector; Denotes [K]X, where [K] is master
stiffness matrix and X is generalized dis-
placement vector; [FBMIN, FANDG, KXMX, DRESP,
MAIN]
BB:	 Vector; Denotes rM)X, where [M] is master
mass matrix and X is generalized displacement
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vector; [FBMIN, FANDG, KXMX, DRESP, MAIN]
	
0:	 Vector; The components of vector D represent
mean diameter of tubular elements; [DEIG,
DRESP, MAIN]
	
E:	 Vector; The components of vector E represent
Young's Modulus of Elasticity of the material
of the elements; [DEIG, DRESP, MAIN]
	
L:	 Vector; The components or vector L represent
the lengths of the elements; [DEIG, MAIN]
	
YC:	 Vector; The components of vector YC represent
the peak response quantity of a single degree-
of-freedom system corresponding to its frequency
w i — these are obtained from the shock spectrum,
[DRESP]
	
DYC:	 Vector; The components of vector DYC represent
the rate of change of peak response quantity
of a single degree-of-freedom system with
respect to its frequency; [DRESP]
	
C:	 Vector; The i th component of vec-cor C
represents -Xi [M] a where Xi is the ith
eigenvector, [M] is master mass matrix and
e is the vector EG such that F(t) = e f(t);
[DRESP]
	
PROD:	 Vector; the i th component of vector PROD
represents i th peak modal participation
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coefficient; [DRESP]
PY: Matrix; The rows of matrix PY represent
(u)Tr 	 (x) [T] i ,	 Eqs.	 (3.31) and (3.37);	 [DRESP]
PW: Matrix; The rows of matrix PW represent
r(w)T (x) [T] i ,	 Eqs.	 (3.32) and	 (3.37);	 [DRESP]
VECO: Matrix; the rows of VECO represent the
eigenvectors; [FBMIN, DEIG, DRESP, MAIN]
OMEGA: Vector; The components of OMEGA represent
the frequencies (square root of eigenvalues);
[FBMIN, DRESP, MAIN]
YM: Vector; The components of YM	 represent upper
bound displacements at the degrees of freedom
in the direction of system coordinate axes;
[MAIN]
SIGMA:	 Matrix; the i th row represents the upper
bound stresses at the two ends of the ith
element; [MAIN]
(d) Purpose: To compute the upper bound displacements and
upper bound stresses at the two ends of the
general planar beam elements used to model
the planar truss-frame structure.
6.	 (a) Name of Subroutine: MANDCH




S:	 The move vector.
	
PCTR:	 Percentage reduction in weight desired in the
direction of vector S.
	
WT:	 Weight of the structure.
	
GW:	 Gradient to the weight function (A constant
vector in the present work).
	
NDV:	 Number of design variables.
	
SCON:	 Upper and lower bounds on 'side constraints'.
	
BSC:	 Victor whose components represent the indices
of bounded side constraints.
	
NBSC:
	 Number of bounded side constraints.
	
BSCL:	 Logical, BSCL = •TRUE •
 means that some side
constraints are bounded.
	
DELTA:	 Constraint tolerance -
(c) Common	 Variables : 	 DV, ALPHA, OD
	
DV:	 Vector of current design variables; [ADJUST,
MAIN]
	
ALPHA:	 Scalar, Denotes step engthy Ll-w%I J
	OD:	 Vector of old design variables; [ADJUST]
(d) Purpose:
	 To m%Ake a move in the direction of S
(steepest descent or feasible direction), to
check the side constraints of the new design
and adjust by linear interpolation the vio-
lated s-Ide constraints.
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7.	 (a) Name of Subroutine:	 ADJUST
(b) Argument List:	 S, WCV, OWCV, ALPHA, BSCL, BSC, NBSC,
DELTA, SCON, NOV, LQ, SLOPE
S: The move vector.
WCV: Value of worst violated constraint.
OWCV: Value of the same constraint which is worst
violated in the ci•rrent design at the old
design point where it was bounded.
ALPHA: Step length.
BSCL: Logical, BSCL =•TRUE- means that some side
constraints are bounded.
BSC: Vector whose coi,^ponents represent the indices
of bounded side constraints.
NBSC: Number of bounded side constraints.
DELTA: Constraint tclerance-
SCON: Upper and lower bounds on side constraints.
NDV: Number of design variables.
LQ: Logical, LQ =•1'RUE •	means adjustment is
accomplished through quadratic interpolation.
SLOPE: Denotes the slope to the constraint at the
old bounded design point which is worst
violated in the current design.
(c) Common Variables:	 DV, EXIT, OD




EXIT:	 Logical, *_XIT =•TRUE • terminates the run
whenever negative value of step length is
encountered; [MAIN]
	
OD:	 Vector of old design variables; [MANDCH]
(d) Purpose: To adjust the worst violated behavior con-
straint by linear or quadratic interpolation
and check the side constraints of the new
design.
	
8.	 (a) Name of
	 Subroutine: DEIG
(b) Argument List: NDFS, SR, NDV, MMAX, IDVCR
	
NDFS:	 Number of degrees-of-freedom of the system.
	
SR:	 Assembly control table-
	
NDV:	 Number of design variables.
MMAX: Maximum number of elements governed by a
design variable.
	
IDVCR:	 Design variable correlation table.
(c) Common Variables: . E, L, T, R0, B1, TR, VALU, VECO,
DTS, CLAMB, CVEC
D: Vector; The components of vector D represent
the mean diameter of tubular elements; [ANAL,
DRESP, MAIN]
E: Vector; The components of vector E represent
Young's Modulus of Elasticity of the material




L:	 Vector; The components of vector L represent
the lengths of the elements: [ANAL, MAIN]
	
T:	 Vector; The components of vector T represent
the wall thickness of elements; [MAIN]
	
R0:	 Vector; The components of vector RO represent
the weight density of the material; [MAIN]
	
Bl:	 Logical; B  =•TRUE- means structure comprises
of truss elements; [MAIN]
	
TR:	 Transformation matrix which transforms a dis-
placement vector of an element in the system
coordinates to the displacement vector of




	 Vector; The components of VALU represent the
eigenvalues; [FBMIN, MAIN]
	
VECO:	 Matrix; The rows of VECO represent the eigen-
vectors; [FBMIN, ANAL, DRESP, MAIN]
	
DTS:	 Matrix; represents [M,
i
] which denotes a
matrix whose elements are obtained by
differentiating the elements of mass matrix
with respect to the diameter d j ; [DRESP]
	
CLAMB;	 Matrix; The i th row of the matrix CLAMB
represents the derivative of i th eigenvalue





CVEC:	 Matrix; The i th row of the matrix represents
the derivative of the i th eigenvector with
respect to design variables; [DRESP]
(d) ''urpose: To compute the derivative of the eigen-
values and eigenvectors with respect to
design parameters.
	9.	 (a) Name of
	 Subroutine: DRESP
(b) Argument List: M, RDF, NDFS, SR, EG
	
M:	 Total number of elements.
	
RDF:	 Number of degrees-of-freedom of an element
in system coordinates.
	
NDFS:	 Number of degrees-of-freedom of the system-
	
SR:	 Assembly control table.
	
EG:	 Vector containing one or zero as its
components and which when multiplied by
scalar function, f(t), gives the generalized
force vector.
(c) Common Variables: KR, MR, VECO, OMEGA, D, E, AA, BB,
YC, DYC, C, PROD, DTS, CLAMS, CVEC,
PY, PW, IDVCR, Y, DY, DSIGMA
	
KR:	 Element stiffness matrix in reference co-
ordinate system; [FANDG, ANAL, MAIN]
	MR:	 Element mass matrix in reference co^rdinAte





Matrix; The rows of VECO represent the eigen-
vectors; [FBMIN, ANAL, DEIG, MAIN]
	
OMEGA:	 Vector; The components of OMEGA represent
the frequei.,ies (square root of eigenvalues);
[FBMIN, ANAL, MAIN]
D: Vector; The components of vector D represent
the mean diameter of ti:bular elements; [ANAL,
DEIG, MAIN
E: Vector; The components of vector E represent
Young's Modulus of Elasticity of the material
of the elements; [ANAL, DEIG, MAIN]
	
AA:	 Vector; Denotes [K]X, where [K] is master
stiffness matrix and X is generalized
displacement vector; [FBMIN, FANDG, KXMX,
ANAL, MAIN]
	
BB:	 Vector; Denotes [M]X , where [M] is master
mass matrix and X is generalized displace-
rnQnt vector; [FBMIN, FANDG, KXMX, ANAL, MAIN]
	YC:	 Vector; The components of vector YC repre-
sent the peak response quantity of a single
degree-of-freedom system corresponding to its
frequency wi — these are obtained from the
shock spectrum; [NAL]
DYC:	 V_,ctor; The components of vector DYC represent
the rate of change of peak response quantity
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of a single degree-of-freedom system with
respect to its frequencies; [ANAL]
	
C:	 Vector; the i th component of vector C repre-
sents	 xi[M]-e" where X i is the i th eigen-
vector, [M] is master mass matrix, and e
is the vector EG such that
F(t) = e f(t)
	 [ANAL]
	
PROD:	 Vector; The i th component of vector PROD
represents i th peak modal participation
coefficient; [ANAL]
	
DTS:	 Matrix; represents [M,
i
] which denotes a
matrix whose elements are obtained by differen-
tiating the elements of mass matrix with respect
to the diameter d i ; [DEIG]
	
CLAMB:	 Matrix, The i th row of the matrix CLAMB
represents the derivative of i th eigenvalue




Matrix, The i th row of the matrix CVEC repre-
sents the derivative of the i th eigenvector
with respect to design variables; [DEIG]
	
PY:	 Matrix; the rows of matrix PY represent
r(u)T (x) [T] i , Eqs. (3.31) and (3.37);
[ANAL]
	
PW:	 Matrix; The rows of matrix PW represent
r(w)T (x) [T] i , Eqs. (3.32) and (3.31); [ANAL]
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IDVCR:	 Design variable correlation table; [MAIN]
	
Y:	 Matrix, The i th row of the ma*.ix denotes
the displacement vector of the i th element
corresponding to an y generalized displacement
vector X in system coordinates; [KXMX]
	DY:	 Matrix; The i th row of the matrix represents
the derivative of i th upper bound displace-
ment with respect to design variables; [MAIN]
	
DSIGMA:	 Matrix; the i th row of the matrix represents
the derivative of upper bound stress in the
element i with respect to design variables;
[MAIN]
(d) Purpose: To compute the derivative of the response
quantities (upper bound displacements and
stresses) with respect to design parameters.
10. (a) Name of Subroutine: FEASIB
(b) Argument List: NAC, NDV, NC, GW, THETA, SIGMA, S
NAC: Number of active constraints.
NDV: Number of design variables.
NC: Matrix; the rows of matrix NC represent the
constraint normals•
GW: Gradient to the weight function.
THETA: A vector of positive numbers: In the present
work, the components of THETA are 0 or 1•
239
	
SIGMA:	 An extra variable
	
S .	Feasible direction hector
(c) Common Variables: There are no common variables in
this subprogram.
(d) Purpose: To compute a useable feasible direction of
move in the design space. This subroutine
also contains an internal subroutine called
'SIMPLE' to solve the linear programming
problem by Simplex Algorithm.
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A listing of each of the eleven Fortran Subprograms which make
up the complete program for the automated minimum weight design of
Planar truss-frame system written in Fortran V for the Univac 1108
digital coo puter follows in the subsequent pages.
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The input to the computer program consists of two parts:
(i) The input program deck
(ii) The input data deck
Input Program Deck
The complete program of the synthesis of Planar Truss-Frame
Structure is on the deck of cards and is read into the computer
memory at the start of each run. The MAIN program and various
subroutines contain a parameter card which governs the dimensions















Total number of elements
Number of nodes
Number of degrees-of-freedom
of an element in local coordinates
Number of degrees-of-freedom
of an element in system co-
ordinates
Number of degrees-of-freedom of
the system
Number of points at which upper
303
No. Identifier Explanation
NP(con't) bound stress is computed
7 NDV Number of design variables
8 MMAX Maximum number of elements
governed by a design variable
9 NVEC Number of eigenvectors used for
modal transformations
10 NNDV Total number of constraints on
design variables (lower and
upper limits)
11 NUT Number of degrees-of-freedom of
system in the coordinate direc-
tions (i.e.	 ignoring rotational
degrees-of-freedom)
12 MNF M*NP
13 CFR Number of frequencies on which
constraints are imposed
14 TCFR Total number of constraints on
frequencies (lower and upper
limits)






1	 ND	 Number of degrees-of-freedom of
system




1	 M	 Total number of elements
2	 RDF	 Number of degrees-of-freedom of
an element in system coordinates
3	 ND	 Number of degrees-of-freedom of
system
4	 NVEC
	 Number of eigensolutions desired
2b. INGEN
No.	 Identifier	 Explanation
1	 ND	 Number of degrees-of-freedom of
system
2	 NVEC	 Number of eigensolutions desired
3. Subroutine KXMX
No.	 Identifier	 Explanation
1	 M	 Total number of elements
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3. Subroutine KXMX (con',t,^
No.	 Identifier	 Explanation
2	 RDF	 Number of degrees-of-freedom
of an element in system co-
ordinates





1	 RD	 Number of degrees-of-freedom of
an element in system coordinates
5.	 Subroutine ANAL
No. Identifier Explanation
1 NM Total number of elements
2 RD Number of degrees-of-freedom of
an element in system coordinates
3 OF Number of degrees-of-freedom of
an element in local coordinates
4 NDFS Number of degrees-of-freedom of
i
the system
5 NP Number of points at which upper
bound stresses are computed
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6	 NUT	 Number of degrees-of-freedom of
the system in the coordinate
directions (i.e. ignoring
rotational degrees of freedom)
	
7	 NVEC
	 Number of eigenvectors used
for modal transformation
6. Subroutine MANDCH and ADJUST
	
No.	 Identifier	 Explanation






1	 M	 Total number of elements
	
2	 N	 Number of nodes
	
3	 LDF	 Number of degrees-of-freedom
of an element in local coordinates
	
4	 RDF	 Number of degrees-of-freedom of
an element in system coordinates
	
5	 ND	 Number of degrees-of-freedom of
the system
	
6	 NV	 Number of design variables
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7.	 Subroutine DEIG (con't)
No. Identifier Explanation




1 NM Total number of elements'
2 RD Number of degrees-of-freedom of
an el_ment in system coordinates
3 ND Number of degrees-of-freedom of
i system
4 NDV Number of design variables
5 MMAX Maximum number of elements governed
by a design variable
6 NDFT Number of degrees-of-freedom of
t
system in the coordinate
directions (i.e. ignoring rota-
tional degrees of freedom)
7 NP Number of points at which upper
bound stress is computed






1	 NCD	 NAC + NDV + some	 arbitrary nwfiber
(taken to be 25) in the attached





1	 MN	 Same as NCD in Subroutine FEASIB
Input Data Deck
The required input data is described below in the order in
which it is read.
1.	 Mean diameter of members in inches (D)
2. Wall thickness of members in inches (T)
3. Young's Modulus of Elasticity of the material	 in lbs/in2
(E) l
I
4. Weight density in lbs./in 3 (RO)
5. .`!-coordinates of the nodes in inches (CX)
6. Y-coordinates of the nodes in inches (CY)
7. P-end of members (PE - Integers)
8. Q-end of members (QE - Integers)




10. Starting points for eigensolution (VECO)
11. Design variable correlation table (IDVCR - Integers)
12. Upper and lower bounds on the design variables (SCON)
13. Upper limits on upper bound displacements (UBD)
14. Upper limits on upper bound stresses (UBS)
15. Lower and upper bounds on frequencies (BOFR)
16. Constraint tolerance (DELTA - Negative Quantity)
NOTE: Over and above the above information read through the data
deck, the program requires
1) The convergence criterion for the termination
of eigenvalue routine. This is handled through
card number 145 of MAIN by the identifier SDIFF.
2) The shock pulse information. This is provided
to the computer through card numbers 146 and
147 by the identifiers XG representing
maximum grour-A displacement in inches and PF




The information which is written out as the output for the





1. The mean diameter and wall thickness of the elements used
to model the structure
2. The Young's modulus and weight density of the material
of elements
3. 'X' and	 'Y' coordinates of the nodes (comman joints
between the elements)
4. Coincidence table describing the two nodes, a particular
member
	 i	 connects
5. Assembly control table - SR
6. Design variable correction table
7. Upper bounds on design variables
8. Lower bounds on design variables
9. Upper bounds on displacements
10. Upper bounds on stresses
11. Lower bounds on frequencies
12. Upper bounds on frequencies
13. Constraint thickness - DELTA
14. Lower bounds on eigenvalues
15. Upper bounds on eigenvalues
16. Lengths of elements
17. Gradient to the weight function
18. initial design
19. Indices of bounded side constraints, if any
20. Number of bounded side constraints, if any
21. Moment of inertia of elements
f
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22. Weight of the structure
23. Number of iterations required for the convergence of








23. Time taken to obtain the eigensolution
j	 30. Vector, e
31. Xi 
`2
	 where	 wi	 i = 1,...,NVEC	 are the
frequencies of the structure and 	 p	 is the frequency
? of the forcing function
32. Yi = y p(w.-^,	 read from shock spectrum
33. Peak modal participation coefficients
34. Upper bound displacement vector
35. Upper bound stress in the elements at the two ends
{	 36.
(
Violated behavior constraints, if any
37. Bounded behavior constraints, if any
38. A vector whose components are zeros or ones. 	 The
{ location of ones denotes	 ''r 
bounded behavior
constraints
39. Index of worst violated behavior constraint and its
value at the new infeasible design point and old
bounded design point, if there are violated
312
39(cont)	 constraints.
40. The slope at the old design point. it is set to zero
if linear interpolation is executed
41. The constraint not-pals
42. The feasible direction vector, S
43. Value of extra variable sima
44. Previous design
45. Step length in the direction of S
46. New design
The information given in (19) through (46) is written out for
all the deigns. When the procedure converges to tVi final optimum
design, +ne program stops.
IV.5 Sample Problem - Input/Output Listing
The following pages contain a computer listing of the input
deck and two representative sections of program output for the
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